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TEOPETUHECKUE OCHOBAHUA

MHorumM 3HakoMa XBaCTJIMBasl PelIMKa ONEepeTOYHOro Mepeo-
Haxa: «§ Mory BBLINHTb IIAMIIAHCKOIO CKOJBLKO YrOAHO H  elle
onHy 6yThiKy!» Ho naneko He Bce M3 TexX, KTO Cjblliaj 3TH CJ1O-
Ba, NOMO3PEBAlOT, YTO BecbMa CXOJHOe yGeKIeHHe 3a/i0XKeHO B
OCHOBE MaTeMaTHUEeCKOro aHalu3a.

HuddepennnansHoe HcuuCIeHHe HEPA3PLIBHO CBSI3aHO C I10-
HAAITHeM 6ecKOHEeUHOCTH. TepMHH «GeCKOHEUHOCTh» H3BECTEH BCEM
HaM ¢ JeTCTBa, HO BOT €ro COAepKaHHe KaKk-TO BCerjga yCKoJ/b3a-
J10 OT Hamedl Mblcau. Jlymass o 6eCKOHEUHOCTH, Mbl, KaK NpaBHJIO,
JIHIb CKOJIb3H/AH BOJH3H MOBEPXHOCTH TAHHCTBEHHOTO H TEMHOTO
mupa. Ecnu xorenoch Bce e 0XBaTUTh BOOGpaXKEHHEM 3TOT MHD,
TO CTaHOBHJIOCH He MO cebe. YIMBJeHHe, BOCTOPT U Jaxe CTpax
BCEJISIIO B HAC pasgyMbe 0 GeCKOHeuHOCTH (usocodos.

B MareMaTHuecKoM aHaJH3e, OXHAKO, TEPMUH «OeCKoHeY-
HOCTb» HMeeT COBepIIEHHO SICHBI U 4eTKUil cMmpicin. Her Huuero
«TPAHCLEHEHTHOrO» B COJNEpP;KAaHUM 3TOrO TepMUHA, W MarTeMa-
THKOB He TPbI3eT COBECTh 3a TO, UTO OHH YNOTPeG/SIOT MOHSITHE,
Jexalllee 3a TpefenaMu Hallero YyBCTBEHHOTO MHpa. XOTHTe
TOXKE «OCBOMTb» MaTeMaTHuecKylo OGeckoHeuHocTh? Torma cxaxH-
Te: BEpPHTE JIM Bl B TO, YTO €CJAH s HANHILIY Ha GyMare Kakoe-to
YHCJI0, TO BBl CMOXKETe HamucaThb elle Hobliee?

HagepHoe, Bepute. BaM noHATHO, 4TO K /1I060MY, CKOJIb Yroj-
HO OTPOMHOMY YHCJY, MOXKHO npHGaBUTh eguHULY. Torjga Bbl Mo-
HUMaeTe, YTO TaKoe MaTeMaTHyeckKasi 6eCKOHEUHOCTb.

2T0, BO-NepBbIX, BeIHUYHHA JABHKYLIAsACS, He 3acThiBlIas, Me-
Hslowasicsi, pasBHBaioulascs, auHaMmuyeckas. Ona Moxer ObITb
CHauaJa Jfa)Ke OueHb MaJleHbKOH, HO B IIpolecce pocTa pasby-
XaTb 10 JI0OLIX pa3MepoB. TakuM o6pa3oM, 3TO COCOGHOCTL CTa-
HOBHUTbCSI OOJblile BCSAKOH 3apaHee YKa3aHHON BeJHYHHBL.

Bo-BTOpLIX, 6ECKOHEYHOCTb aHaJ/jh3a — 3TO HAeaJU3auusd.
[Tpuxoaun Tpenes BO3MOXKHOCTAM BCeX JIOLell M BCeX O6LIecTs.
W ecnu 51 B TeueHHe nATUAECHATH JeT OyAy JeHb 3a JHEM IHCATb
Ha KO0/0CCaJbHOM JHCTe GyMard uyHcjo-jgesdadaH, TO A0ObLHCDH
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HaKOHELl TOFO, 4TO Bbl yXe He CMOXKeTe HanucaTh 4YHuciia, MPeBoC-
xoxsiuiero Moe. HeT HM OZHOro KOHKP@THOrO mpoiuecca, KOTOpbiil
Mor Gbl MPONO/AKATBCS JOJbLIE MHAJIMOHOB, MHUJIMAPAOB H.IH
TpUANUOHOB JieT. Ho MaTeMarnka 3To He CMyllaeT — €ro Hayka
onmepUpyeT He peajbHLIMH 00beKTaMH, a CryCTKAMH HX HEKOTOPHIX
CBOHCTB HMJIM TEHJEHLUH, Kak Obl YNPOILEHHBLIMH 0 3JeMeHTap-
HOCTH uepTaMHu Bauleft. Pa3 ecTb npoueccs!, KOTOpble MOTYT MpO-
TeKaTb OYeHb AOJIO, H €CTb BeJHYMHbLI, KOTOpble CINOCOGHLI BO3-
pacratbh 10 OoueHb GOJILLUMX 3HAUYEHHH, TO A yao6CTBa HCCae]o-
BaHUA CJIeIyeT BBECTH B PAacCMOTpPeHHe BooOpaxKaemble NepeMeH-
Hble, KOTOpbIE YBEIMUYMBAIOTCS JO KaKHX YrOJHO pa3Mepos.
B cywHocTH Takas MJeaJH3auHs O3HAuaeT NPOCTO, YTO MBI He
HHTEpecyeMcsl TEM JajJieKUM MOMEHTOM, Korja HacTaHeT mpejel
BO3MOXHOCTH POCTa, OCTaBJ/sieM 3TOT MpeJea BHe Hamiero pac-
CMOTpeHHS.

OueHnp MHOTHE HeLOpa3yMeHHs CBSI3aHbI MMEHHO C TeM, UYTO
pacnpocTpaHeHO HeNONOHHMaHHe H/eaqu3HpPOBaHHON NPHPOADI
MaTeMaTHueckoii GeckoHeuHocTH. HUKTO Xe He cokpyuiaercs o
CBOEM HeBeXecCTBe, KOrja roBOpsAT o6 yrie POBHO B LIECTbAECAT
rpajgycoB, XOTsl TAKOH YyroJs peaJsibHO He CYLIeCTBYyeT H MOCTPOHUTH
ero HeBo3MOxkKHO. Ho yc/ablnaB TepMUH aHanu3a «GecKoHeu-
HOCTB», JIIOJH YacTO HAYHHAIOT HLITh: MHE 3TOrO HHKOTJA He Mo-
cruruyTh! IloBTOpsieM: m/is MaTeMaTHKa «OECKOHEYHOCTh» O3HA-
Yyaer «To, YTO JIEKHUT 3a NpeaejaMH HHTepecylolLell Hac 06/1acTH».

B onHoil HeMelKoOl KHHXKKe, TPakTyiouledl o6 aHanau3e, NPHBO-
JUTCS OYeHb 3alOMHHA0OUIMHCH npumep. «HTo Takoe GecKoHeu-
HOCTb?» — BOMpOILAJ aBTOP M HayHHAJ MNOJXOAUTH K 0ODBsICHe-
HHIO 3TOTO MOHSTHS H3Lajieka. BosbMeM uncio 22, roBopua ofl.
3to 6yner, pasymeercs, 4. Crelyouiee YHCIO0 CKOHCTPYUPYSM TaK:

3
3
3

9To yXKe mnoAyuyHTCS MHOro Gosbiie Yerbipex 3% =
=7625597 484 987. Cemp Tpuanuonos! Ho Bce xe 3T0 cosep-
ieHHefias OblIHHKA Mepel CAeAYIOWIHM UYHCIOM TaKoro THIA,
KOTOPOe COCTOHT H3 UEThIpeX YeTBEpPOK, 3aMHCAHHbIX B CTeleHU
Apyr y Apyra. BelyucauTb TouHoe sHaueHHe YHCaA

4
4
4
4

HEMBICIUMO, fa)ke ec/ld O0beJHHHTb YCH/US BCEro uejoBeye-
crBa. OaHako npuGIH3UTENbHOE MNpEJICTABNEHHE O pas3Mepax
3TOrO 4UC/1a MOKHO AaTh TAKHM 06pa3oM.

BospMeM MHIC/AEHHO cdepy C MONEPEYHHKOM B TPHIIHOH
TPHJIJIHOHOB CBETOBBIX JIET H HAMOJHHM 3Ty cdepy Tunorpadckoi
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kpackoil. Tax BOT, 3TCi1 Kpacku He XBATHT, YTOOLL.. HalmeyaTaTsh
Hallle YHUCJIO CAMBIM MEJKUM H3 CYLIECTBYIOUIHX wmpHdTOB!

[Tocnie 3TOrO0 YAUBUTE/NBHO sIPKOrO 06pasa aBTOP MEPEXOMUN K
ClIefyIOLIEMY UYHCAY psila — K NSITH NsITepKaM B CTeleHsIX OfHa
3a apyro#t. ITepexoaun u TyT ke OGBABISAA KANUTYJASMUIO — [O-
BOPHJI, UTO Jaxe He 3HaeT, KaK IPUCTYIHTb K OMNUCAHUIO 3TOrO
uhcaa. M Bech 3ToT (peilepBepk THraHTOB MOHALOGHJICH €My TOJb-
KO IJIs1 TOro, 4ro6bl B 3aKJIOYEHHE MaTeTHUYECKH BOCKJIUKHYTH:
«Ho Bce 3TH uucna — coBeplieHHeiillee HUYTO [0 CPaBHEHHIO C
6EeCKOHEUHOCTBIO!»,

OtnaBast mOJKHOE OCTPOYMHIO MOMYJsIpH3AaTOpa, HeJb3sl BCe
JKe He MOJHMBHTbCS HAHBHOMY, MPSIMOJIMHEHHOMY, uepecuyp cepb-
€3HOMY OTHOLIEHMIO K SIBHOH MaTeMaTuueckod abcTpakuuu. Ectb
JIU PEe30H TNyOOKOMBICTIEHHO PacCcyKAaTh O BeJHUYHHE, HaMHOrO
npeBBIILIAIONIEH HE TOJNBKO MIOOYI0 peanbHyl0 Mepy Bcenennoi,
HO M cTaHOBAlleHcss HeuaMepumo O0Jjiblle HEOCS3aeMOro uHcia,
KOTOpOe JaKe MUJIJIHapAbl MOKOJeHH  JIofeli He CMOTYT 3anucarh
B OOBLIYHOM NMO3UUHUOHHOU CHCTEME?

MaremMaTHka MaTeMaTHKOMH, HO HeJab3st TEPSATb UYYBCTBO [efi-
CTBHTE/NLHOCTH, (PeTHINH3UPOBATh HeajHU3alUH, CAeTaHHbIe A
YIPOUIEHHs pPellleHHsT TOH HAY HHOH npobJyieMbl H HaYHHATh BUAETD
B 3TUX MJeasu3alHsiX YTO-TO OG'BEKTUBHO cyliecTByioulee. B uc-
cleJ0oBaHHAX rpadUKOB, HanpuMep, 6€CKOHEUHOCTBIO yallle BCEro
Ha3bIBAIOT TO, YTO HAXOJAUTCS Ha OCH abCuMcC JaJjblie MATH HIH
fecatH. M HUKTO npH 3TOM He NyCKaeTcsl B PACCYyXKAeHHus 0 GpeH-
HOCTH BCET0 3eMHOTO.

Te ke UM NOXOXHe CJA0OBA MOXHO CKa3aTb HacueT NOHSTHS
GeckoHeyHO MaJiol. DTa mepeMeHHasl BeJUYHHA CTAHOBHUTCS Kak
yrofHo Manoi. Uro 3HauHuT «Kak yromHo»? lpeanusupoBaHHO,
MaTeMaTHYeCKHd 3TO 3HAYUT — MeHblIe Ji060#f 3apaHee 3ajaH-
HOH MaJofi BeJHUYHUHBI, UM «AOCTATOYHO MaJioH, MaJiol J0 TaKoil
CTeMeHU, UTO JaJjbHelilllee YMEHbIIEHHE HAC HE HHTEpecyeT».

ITonbiTOXKHMBasi cKa3aHHOe, MOKHO YTBepKAaTb, YTO OCHOB-
HBIMH 00DbeKTaMH aHasH3a SIBJASIOTCS BooOpaKaeMble BeJIMUHHBL,
KOTODBLIM  IIPHMHUCHLIBACTCS] CMIOCOGHOCTb HEOTpaHUYEHHO YMeHb-
I:aThCsl WJIH yBesuunBaTbcs. Hukorga B aHannze Mbl KOHKPCTHO
He yMeHbLIAeM Hally BeJHUYMHY Hajibllle Kakoro-to (4acro Jo-
BOJIbHO-TAaKH KDYIHOr'0) Mpejena H He yBeJHYMBaeM BeNHUHHY
BbILIE ONpele/eHHO! rpaHuubl. BakHo He 3TO, TF/aBHOE — CUH-
TaTb, YTO NMPH HEOGXOAUMOCTH IEepeMeHHYI0 MOXHO YMEHbUIHTb
HJIH YBEJHUHTH elle jaJjblie. BBegeHue B MaTeMaTHKy Takoro
poja BeJHYHH ABHJIOCh HACTOsLe#l peBoJilonHeld — BeAb [0 3TOro
paccMaTpuBaJiuCh JIHIIb «33aKOCTeHeBIIHe» OO0BbeKTbl — UYHCAA,
yIJbl, HApDUCOBaHHble Ha GyMare JIMHHH M ToukH. Bmecre ¢ Gec-
KOHEYHO 6O/MbLIMMH H 6ECKOHEUHO MaJsbIMU B HAYKY BoULIa JHHA-
MHKa, HeNpepeiBHOE OTPHLAHHE H YTBepxKJAeHHe. JTO cpasy xe
faJjo Boratble MAOAHI.

INepBbiit M3 MoA0B — mnpejes. ITHUM TEPMHUHOM B aHaju3e
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0003HaYalOT OUeHb BAXKHOE MOHSITHE, KOTOPOe MBI TMOSCHHM Ha
npHMepe KacaTelbHOH.

Bce npencrasasior ceGe, uto Takoe kacaresnpHas. Ho marema-
THKa JOJKHA ONUPAThCsl HA uyeTKHe onpejeneHus. Brl, HaBepHoe,
YBEpeHbl, YTO BaM yLAcTCH NPH XKeNaHHH CHOPMYy/IHPOBATH CBOIO
ujeo kacareabHoil crporo. Ilonpo6yiite! MckpeHHe xemaeM BaM
ycrexa, HO IOCayllaiTe, YTO OTBeya/H JOBOJBHO XOpDOLIHE CTY-
JEHTH TEXHHU2CKOTO By3a.

Orser mepBeiii (He MoayMaB): KacaTelbHas — 3TO Takas
npsaMasl, KoTopasi HMeeT OAHYy OOUIYIO TOYKY C JaHHOH KpHBOH.

B kauecTBe ONpoBepxKeHHS B OTBET MOJYa PHCYETCs Ha A0CKe
Takas KapTHHKa (puc. 1):

/

CMylleHHBII CTYNEHT KpacHeeT H, Kejas HCIPAaBUThCS, CHOBA
He MoAYyMaB KakK cJieAyeT, JaeT OTBET BTOPOH: 2To Takas npsamas,
KOTOpasi BMeeT OOLLYI0O TOUKY C JaHHOIl NPSIMOH H NPOXOAHT MO
OJHY CTOPOHY OT 9TOH NPSIMOii.

Onsate B OTBeT NPHBOAUTCS PHCYHOK 2.

3aech nmpsiMasi SIBHO CJYXKHT KacaTe/lbHOH, H B TO e BpeMs
nepecekaeT KpHBYIO, TO e€CTb NPOXOAHUT Mno ofe ee CTOPOHLI
BOJIM3H TOUKH KaCaHHS.

Tenepp yxke CTyZeHT 3aAyMbIBaeTCsl o-cepbe3HOMY. Bri3biBas
B CBOEM BOOOpaKeHHH pasjiMyHble CJyYaH KacaTelbHbIX (a OH,
6e3 coMHeHHs], B JIOOOM KOHKPETHOM cJiyyae MOXEeT CKa3aTh, SiB-
JsIeTCsl JIH HaHHas psiMasi KacaTeJqbHOH HJIM HET), OH cTapaercs
YJIOBHTb TO oflilee, yTo UM npucyule, H chopMyjaHpoBaTh 3T0 00-
utee cpoiicTBo. Tak poxkjaaercsi BepHbIH OTBET: KacaTejbHas —
3TO NpefesbHOE MNoJoXKeHHe cekyuiell. OTBeT MokKasblBaer, Ha-
CKOJIbKO TJy6OKO BOIUJIM B CO3HAHHE CTYAEHTAa KaTeropuu mare-
MaTHUYeCKOoro aHaJjusa. UesoBex ckasas <«NpefelbHOEe [0J0XKe-
IHe» U Ja)Ke He MOTPYAHJICH Pa3biICHHTb, 4YTO 3TO 3HAUUT, HO6O

D

Puc 3. Puc 4.

Puc. 1. Puc, 2.




eMy KaxKeTcsl BCe 3leCb OUEBHJHBIM M [JIsl HEro caMmoro, M AJis
ero cofeceHHKa. A Belb B 3TO BpeMsi B MO3LY €ro npousolles
VAUMBHTEIbHEHLINN npouecc 06OGIIEHHsT ¥ Heaau3autt, COCTOsB-
WIHA NPHMEPHO B CJeAYIOIEM:

1. Oun npexncrasus ceGe Cekyllylo, MPOXOASILIYIO uepes Ty
TOYKY M, B KOTOPO#l HYXKHO IIOCTPOHThL KacaTe/bHYIO, H uepe3 Ka-
Kyl0-To cocenHioro Touky M! (mpousBosbHyio). Pa3 ects ABe TOU-
KH, TO 4epe3 HMX MpOIJEeT eJHHCTBeHHasi npsimasi (puc. 3).

2. OcraBasisi Ha MecTe TOYKY M, OH NMOABHHYJ MOGJHKE K Hel
touky M!. Cexylias Npd 3TOM NOBepHYyJ/Jachb H NPHHAJA MOJOXKe-
HHE, KOTOpOe y2Ke GOJsbliie NOHPABUTCS JMIO60MY, KTO X04eT HapH-
COBaTh KacaTelbHYIO (pHC. 4).

3. Tlocse 3TOrO MBIC/IL y:Ke 3HAET, B KaKOM HamnpaBJlEeHHH
uaru, Tperuit 3Tan pasBHBaeT IpeAbAYLIYI0 TeHACHUHIO —
Touka M! Gepercs eute 6nuxe K Touke M (puc. 5).

4. Yro ke menath janabiue? Beiab a/s mocrpoeHus mpamoii
HaM Bcerjia Heo6XoauMbl ABE TOUKH, ,

Ho npu n06oM, Kak yrogHo 6Ju3- LA
KoM pacnoJjiokeHuu K M toukun M!

npsamasi G6yHeT He KacaTeJbHOH, a

cekyulel. 3HauuT, KacaTesJbHYIO
HapHcoBaTb HEBO3MOXHO? Pasy-
Mmeercsi. Ho Mbl Bcerna B cusax Ha-
pHCOBATh CeKYyUIYIO, KaK yromgHo GJH3KYI0 K KacaTeabHoH. UyBcT-
ByeTe, KaK CHJIbHO NPOSBJISETCS 3[eCh BJHSIHUE OCHOBHOIO ybOex-
JeHUsl aHaJi3a, 4To B JIOGOM Ipollecce MOXKHO CIeNaTh CAenylo-
mwuit war? [IpakTuyeckd Mbl cCyMeeM HA4epTUTh JHIIb JOBOJBHO
rpy6ble cekymue, Ecau, HanpuMep, paccTosiHue MEXKAY TOUKAMH
M u M! Gyner paBHO OJHOMY MHKpPOHY, TO YyXKe HHUYero He BBhIi-
JeT — HH KapaHjallefi TakHX TOHKHX HeT, HH TAKHX POBHBIX
JIHHEEK, Jla U IJ1a3 Hall MOofBefeT — HO 3TO He CMyllaeT Hac, UGo
Mbl yXBaThiBaeM HAeEI0 Ipolecca U cpa3y Ke HIeaJH3HPyeM ero.
PesysbraT ujeannsauuy — HeJOCTHXKHMOE NPAKTHUECKH pPeesb-
HOZ INIOJIOXKEHHe CeKyllell — kacaTenbHas. BooGpakaemas mps-
Masi, KoTopas, TeM He MeHee, CIYKHT BIOJIHE PeasbHbIM LeJsM.

Her cMbicia B panbHeiiuieM ele pas nofguepkUBath (QUKTHB-
HOCTb, HepeaJH3yeMoCTb NOHATHI anasiu3a. Bcs mareMartuka sB-
Jagetcs abCcTpakuued COOTHOIIEHHH aeficTBUTeNbHOro Mupa. A6-
CTPAKUHH MOTYT ObITh GeCNJIOLHBIMU, HALYMAHHLIMH — TOT'AA OHH
Gecrioie3Hbl. AGCTparupoBaHHble e OGBEKTBl MaTeMaTHUYeCKOro
aHaJH3a BOHTHIBAIOT B ce0sl BaKHeflIMe CBOHCTBA IPOLECCOB,
NPOHCXOASLIKEX Ha caMoM Jeje (CBOHCTBO IIpolecca INpoJoJ-
KaTbCsl U T. A.), U He OTPAXKaIOT JPYrHX €ro CBOHCTB (CBOHCTBO
npouzcca oCTaHaBJIMBaThCs), yToOBl HE XBaTaThCsl cpasy 3a Bce,
a BeCTH HCCJef0BaHHe OT NpocToro K Gosee caoxnomy. [Tostomy
3TH 00bEKTHl IOMOTaloT JIOAAM U3y4yaTh peasibHbIH MUD H B3aHMO-
RefcTBUS Tes, npoucxoAduue B HeM. M pas yx Mbl Hauanu pas-
roBOp O TakKOH oGobuialolled Hayke, KaK aHaju3, To GyfeM Bce

Puc. b
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BpeMs nojpa3yMeBaTh MI€AJbHOCTb €€ KaTEeropuii, roBOpPst O HUX
KaK O peajlbHO CYILECTBYIOILIHX.

Mubl BuZienn cefiuac, Kak Cekyllasi IBHXKETCS K CBOeMy Ipe-
AeJy — KacaTe/bHoil. [lepeMeHHas uHcIoBasi BeJMYHHA TOXKE MO-
KET MMETb npejen — OH 6yler, KOHEYHO, NOCTOSTHHBIM UHCJIOM.
ITpeaen, nanpumep, HMeeT o6mui ujeH y6GriBaiouleil reoMeTpHye-
CKOIi porpeccHH

1, 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, 1/128...

Ecau BBeCTH NepeMeHHYIO BeJHUHHY, KOTOpas NoCJeloBa-
TeJIbHO NPHHHMAaeT BLHINHCAHHblE 3HAYEHHdA, TO OHa Oyaer 6ecko-
HEUYHO MaJioll — ee Npefle/IoM OKaXKeTcs HyJb.

Ilpenenom nocienoBaTeNbHOCTH MOXKET GbITb M He HYMb, &
apyroe uyuciao. Bor npuMep Takoil nocjiesoBaTeslbHOCTH:

2; 1,1; 1,01; 1,001; 1,0001; 1,00001...

Mpl cpenanu npocTyio Belllb: K NOCTOSTHHOMY YHCJIY €JHHHIA
npu6aBuIH GECKOHEMHO MAaJyI0 BEIHYHHY, NpoGeramlylo 3Ha-
YEeHHUs! YJIeHOB YOBIBAIOLLEeH reoMeTPpHYeCKOH NporpeccHy co 3Ha-
Menatenem 0,1. EcTecTBeHHO, YTO npejfes CKOHCTPYHPOBaHHOI
TaKHM 06pa3oM I10C/1e0BaTeNbHOCTH 0Ka3aJiCsi PABHBIM eJHHHIE.
ITo TakoMy Xe NMPHHUUIY MOXKHO CO3[4aTh IIEPEMEHHYIO C JIIOGLIM
3apaHee 3a/laHHbBIM NTPENEeIOM.

Ho He Bcsikasi mocsieoBaTebHOCTh HMeeT 06s3aTe/lbHO Mpe-
nen. OHa MoXeT, K PUMepY, CTPEMHTbCA K GECKOHEYHOCTH, T. €.
HEOrpaHHYEeHHO BO3pacTaTh, KaK BCsKasa apu(MeTHuecKas Ipo-
TpeccHs C HOJIOKHUTENbHOH PasHOCTHIO, HJIH XKe BoOOLIe He HMETh
BLIPAXKE€HHOH TEeHJEHLHH B CBOEM CTPEMJEHHH, KaK 3Ta NMOoCelno-
BaTeJNbHOCTb:

1; 2; 3; 0,1; 0,2; 0,3; 4; 5; 6; 0,4; 0,5; 0,6; 7; 8; 9; 0,7; 0,8...

Opnnako aHanu3 paccMarpuBaer GoJiblIeil YacTbiO HMEHHO Te
Hoc/1eJ0BaTeIbHOCTH, KOTOpble HMEIOT NpefeNn HIH Ke sBJSIOTCS
6eckoHeyHo GoabiminMu. OcoGeHHO BaXKHHI BeJHYUHBI, 06Jagaio-
lMe KoHeyHbIM npejejgoM. Ho Kak y3HaTh, eCThb Y JaHHOH mocie-
JOBATEeNbHOCTH Npefes uau Her? IlpuBeseHHble BhlILE Ciayyau
ObIIH TPOCTHIMHU, a KaK GBITh, CKA2XKeM, B TAKOM:

I 1+ 1/2; 14+ 1/241/3; 1 +1/2+ 1/34+ 1/4..?

WJIH B TAKOM:
1 1 1 1 1
% (1+ 3% (135 (1+7)% (1455 (1 +5)0.2

A uHorza HeoGXOIMMO 3HATb, HMeET JIH NOCAEL0BATENbHOCTD
Kakoi-to npefesa. He HaXoauTb 3TOT mpefen, a HMEHHO TOJIbKO
3HaTh, CyUleCTBYET OH, HJH HeT.

3nech mMoMoraer 3aMeyaresibHasi TeopeMa, KoTopas IJf 4Ye-
JIOBEKa, MBICJAAILETO0 KAaTETOPHAMH aHaJ/n3a, KaXXkercss CToJMb XKe
OYEBHJHOH, KaK CYIeCTBOBaHHEe KacaTe/lbHOH, HO Ha caMOM Jaene
HeceT B cebe pesblt MHUD abCTpakuHH, HAeaaH3alHH K 06oOle-
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UG — YIHBATENbHLIH, NIPH3pPAUHLIi U BMECTe C TEM Tak MOXOKHUil
Ha JXKHBOH, MHD u4HCTOH Mbican. Bor sra TeopeMa:

«Ecan nocnenoBarenbHOCTh MOHOTOHHO BO3PacTaeT, HO IMpH
9TOM OCTaercsl OrPaHHYEHHOH TIOCTOSSHHOH TrpaHHLeH, TO OHa
HMEET npefess.

Boo6pasure ceGa Ha Gepery osepa. Jlero, kapa, NOJIHBIH
wTHIb. Bona — Kak 3epkanio, Ha Heil HH psGUHKH. Bbl nexure y
caMoro Gepera H y BalIMX HOI' Ha NJaBY CTOMT JIeTOHbKas Gail-
napxka. Heynaunoe mBHXKeHHe, TOM4OK — U Gailigapka MeNJIEHHO
Hayaja oTnJbBaTh OT Gepera. B mnepBnlii MOMEHT y Bac BO3HH-
KaeT HMNYJbC BCTaTh H BEPHYTh JIOJKY, HO CONTHEUHBblE JIyUH pac-
nonaraioT K JeHH. «¥cnelo,— aymaere Bol.— Hapo eue cHayana
APUKHHYTb, JaJE€KO JI1 OHA MOXKET OTIVILITh NPH TaKOM CIIOKOH-
CTBHHY.

BaM cTaHOBHTCS SICHO, YTO CKOPOCTh JIOAKH GyJeT HenpephiBHO
y6biBaTh, H6O REHCTBYET cHiia conpoTHBiaerus Boasl. Ho cuna ara
NPONOPIHOHANBHA CKOPOCTH, CJIeN0BaTeNbHO, OHa TOXe Oyjher
y6biBaTh. BosHuKHeT J1060NbITHAS CHTYauUHusi: 3aMelJleHHe JIOAKH
6yleT BCce BpeMs YMeHbUIAThC BMECTe CO CKOPOCTbIO. 3HAUHT,
CKOPOCTb HHKOTJla He CTaHeT paBHOIl HyJo, 60 KOrja ee 3Haue-
HHe JIOCTHIHET BeJIHYHHBI B OJHY MHJIJIHOHHYIO JOMI0 MHJJHMeTpa
B IO, TO CHJIa COTIPOTUBJICHUS CTaHET PaBHOH MOYTH HYJIO H KpO-
nieyHasi CKOPOCTb NpaKTHuecKH Gyner coxpansarbcs. Ecan Gl da-
paon Pamsec Bropoii TONIKHYN1 onHCaHHHIM 0GpPasoM JIOAKY Ha
CTMOKOAHOM 03epe, TO 3Ta JIOJKa ABHrajnach Gul 10 cux nop! 3na-
YHT JIM 3TO, YTO JIOAKAa YIJIBIBET KaK YrOJAHO Ha/eKo, T. e. NMpoii-
JIeHHBI €10 NyTh GyfeT GeCKOHEYHO 6O0JbIOH BETHYHHOM?

OTBeT Ha 3TOT BONPOC MBI MOJYYHM C NMOMOLUBIO TAKOIO pac-
CYKJEeHHS.

YMeHblIeHHe CKOPOCTH NPONOPHHOHAILHO C€aMoil CKOPOCTH
(u60 3aMenasOllas CHJa NMPONOPLHOHAAbHA CKOPOCTH). DTO 03-
HAyaeT, YTo OTHOIIEHHEe YMeHbIIeHUS CKOPOCTH K CaMOH CKOPOCTH
€CTh BeJHYHHA NOCTOSIHHAS, WM XKe, IPYTHMH CJI0BaMH, 32 Kax-
LYI0 eJHHHLY BPEeMeHH CKOPOCTb YMeHbINaeTcs B OLHO H TO XKe
ynciao pas. JlonycTum, 4TO 3a BCAKYIO CEKYHAY CKOPOCTb JIOAKH
yMeHbIIAeTCsl Ha OJHY AECATYIO CBOeH BeJIMUMHBI. 3HAUHT, 3HA-
YyeHHs] CKOPOCTel JIOAKH B IIepBYI0, BTOPYIO, TPeThIO H T. A. Ce-
KYH[Bl COCTaBAT nocnenosaTeJleocrb'

= ) )% o0- (73 )%
10,00( ,Uo(lo s Yo geed
(smecs v — CKOpoCcTh B NepByio cekyHnay). Ho Ttorma mpoxonu-
Mble 32 KaXKAYyI0 CEeKYHAY NyTH GyAyT YHCJIEHHO PaBHBI 3THM Xe
3HaueHHsM, H6o NyTb H3MepsieTcss CKOPOCTbIO, YMHOXEHHOH Ha
BpeMs B cekyniax. Tak mosyuurcs nociefoBaTenbHOCTD nyrei,
npoilAeHHBIX JIOJKOii K KOHIly NepBOH CeKYHIbl, K KOHILY BTOPOi ce-
KYHABI H T. .

vo; vo- (140,9); vo- (140,9+0,9%); vo- (1+0,9+0,9240,9%);
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YRAJET JIH JIOAKA B OECKOHEYHOCTb — 3TO 3aBUCHT OT MOBeje-
HUA CYMMBI, cTosiliell B cko6kax. Ho ee MoxHO npeobpasoBaTthb Mo
H3BECTHOH (hopMyne anrebphi:

Uo (140,940,924 4+0,97) = vy 22222

— cUne (1—0.9n+1
= 10-00- (10,974,

Takas 3anuch CBHAETENIbCTBYET HAMVISAHO O TOM, YTO HH NpH
KaKOM YHCJe CEeKYHJ JOLKa He yiieT oT Oepera jpaJblie, ueM Ha
10« vo epunun AauHBL. BMecTe ¢ TeM Jogka HeNpepblBHO JBH-
raercs, T. €. MNPOHNEHHHI €0 NYyTh SBJSAETCS MOHOTOHHO BO3pa-
crawoulell pyHkuueil. 3HauuT, N0 Haulell TeopeMe, JBHKEHHE JIOA-
KU HalpapJieHO K KaKOMY-TO Mpefesy, HM CJAYKHT HEKOTopas Tou-
Ka Ha NOBEPXHOCTH 03epa. Ec/ii B 3Ty TOUKY MOMOKHTD LIENKY, TO
C TeyeHHeM BpeMeHH PacCTOSHHe MeXJy JIOAKOH W ienkoii 6yaer
CTaHOBUTbCS BCe MeHbIle H MeHbllle — OHO GYHLeT CTPEMHTbCS K
HYJ1IO.

OYHKLUMNA-YHTO 3TO TAKOE?

Mpr rosopunn 06 onHoli nepeMmenHoii BesimuuHe, Ho MateMma-
THKY I'IABHBIM 06Pa30M HHTePECyIOT cJyyaH, Koria HMeloTcs ABe
nepeMeHHBIE BEJHYUHB, 3HAUeHHS KOTOPHIX CBSI3aHBI C NOMOLIBIO
ONpeie/IEeHHOr0 3aKkoHa. JTo cayuall GYHKIMOHANLHON 3aBHCHMO-
CTH ABYX nepeMmeHHbIX. KHHbTe Geryibiii B3IJisig BOKDYF H BCIOAY,
Bbl HafiieTe NECSHTKH NpUMepoB (YHKIHOHAaJAbHOH cBsi3n. Harpes
MOYBBEl 3aBHCHT OT yrAa MNOJHSTHS COJNHIA Haj TODH3OHTOM; CKO-
pocTh aBTOMOOHJISE 3aBHCHT OT TeMIla PacXOHOBAHHS TOpIOYero;
KauecTBO KapTHHKU Ha IKpaHe TeJeBH30pa 3aBHCHT OT yrJia, 00-
pPa30BaHHOI'O HanpaB/eHHEM Ha TeNeleHTP H PeHKOH aHTEeHHHI;
IPOMKOCTb €TyKa OpOCaeMoro KpOBeJbUIMKOM TOJs 3aBHCHT OT
Beca KyCKa TOJisl; BeXJHMBOCTb NPOJABIOB MarasMHa 3aBHCHT OT
OTHZAJIEHHOCTH KOHIla UX pabouero AHA; [IJHHA OYepelH, BbI-
cTpouBLIEficS Y NAapHKMaXepCKoH, 3aBHCHT OT OJH30CTH Npasf-
HUYHBIX JHeH; BeJHYHHA Kamnesb, NaJallIuX U3 KpaHa caMoBapa,
3aBHCHT OT TeMIlepaTyphl BOABI; CPOK H3HOCA MOTOpa 3aBHCHT OT
TEXHOJIOTHH 06pabOTKU JeTaJsel; JieTHbIe KauecTBa caMoJiera 3a-
BHCSAT OT ero (GOpMbl; HEMOTOMJASEMOCTb Cy[HAa 3aBHCHT OT pac-
CTOSTHHS] MEXKAY LEeHTPOM TSXEeCTH U MeTaleHTPOM..,

Mkl xuBeM B MHPe QYHKIHOHAJbHLIX COOTHOIUeHu#. Bce, uto
Hac OKpyXKaeT,— 3T0 (yHKHHHU., BOT Gbl HayuHThCA HX HCCIEHO-
Bath! Jlekapt cBean QYHKUHH K KpUBBIM, a HbloToH, JleliGHUN U
UX MocJ/enoBaTeNH, HCIIoJAb30BaB Hieu Jlekapra, faiu CBOH, ypes-
BbluallHO MOII(Hble METOAbl pacCMOTpeHHs (YHKIHOHAJbHBIX 3a-
BHCcHMOCTeH. DTH METOJbI, XOTS1 ¥ BO3HHK/IH Ha 6a3e reoMerpuue-
CKHX IpeICTaB/eHHH H 3a4acTyio CJyXaT TeOMeTPHH, BCe ke
JOMKHBE 6bITh Ha3BaHb aHaiauTHyeckuMu. OTCIOfa u Has3BaHue
«MaTeMaTHyecKUll aHanu3». [IpousBoist HCCAEROBaHHE (DYHKIHH
¢ noMolplo JgHpdepeHNHaNbHOrO HCYHCIEHHS, Bbl HEe 00si3aHbBI
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4TO-1M60 PHCOBATh, 8 MOXKETE OIPAHHYMTHCA JIHIIb TOKPBLITHEM
JaucTa 6yMaru MaTeMaTHYECKUMH CUMBoJiaMu. [1pu 5TOM BHI OKy-
HeTeCb YK€ B MUD BooOpaxKaeMblX (yHKIHH, KOTOpbIe NpeicTaB-
JISIIOT JIMIIB OJHO CBOHCTBO peasibHBIX (DYHKIHOHAMBHBIX CBs3ell
NPHPOALI: KaXKAOMY 3HAUEHWIO OJHOH TIepeMEeHHOH BeJMUUHLI
COOTBETCTBYET onpe/eseHHoe 3HAUEHNE APYrofl nepeMeHHOH Beju-
YHHBL.

Takoe npocroe omnpepnenenvie (a B MaTeMaTHKe He NOJKHO
OLITh CI0XKHBIX Ofpefie/IeHH#l, H6O 3Ta HayKa BeleT OT M3y4yeHHs
3JIEMEHTAPHOrO K M3YUEHHIO COCTAaBHOIO) NPUBOAHT K TOMY, UTO
B aHaJiH3e IMOSIBJAIOTCA HE TOMAbKO «HOpManbHble» GyHKuUMH, NO-
XOXHe Ha Te, KOTOPble NPOABAAIOTCS BOKPYr Hac, HO M QYHKUUH-
YPOALI, HeKue XHUMephHl, HENPaBAONOAOOHLIE H YIHBUTENbHLIE
CO3JaHHs YHCTOH JIOTHKH.

Ho npexpe Bcero mocMoTpuM, KakoBbl MOTYT ObITh 3HAUEHHUS
BEJIHYHH, CBA3aHHHX (QYHKUUOHAJNLHON 3aBUCHMOCThIO.

IIpexxne Bcero, KOHEYHO, 3HAYEHUsT MOTYT OBITH UENBIMH YUC-
JaaMi. Hto Takoe neaoe 4HCA0? — MOXKET CHPOCHTH WHOH YHTa-
TeNb, Xefask HMeTb [Jig BCero Tounste onpeneneuusd. [ToMouyr Mu
B 3TOM ciaydae GeccuabHn. [lonsitwe menoro, BepHee, HaATypa/b-
HOTO (TNOJIOKHTEJNBHOrO LENOT0) YHC/ia He onpefensercds M He
CBOAHUTCH K ApyTuM, Gojee npocTHIM NoHATUAM. UTo Takoe HaTy-
pajnbHBE YhCNa, MB BCe 3HaeM C paHHero AETCTBa H 3TOro 3HAHHUA
JOCTAaTOUYHO — MaTeMaTHKa HHYEro He MOKeT K HeMy npubaButh.

Hstoton pomuacs B 1643 ropy. Byzem cuurate nepsbie ase
uudpul 3T0f KaTH ABYMSI 3HAYEHHAMH OLHOH NepeMeHHOil, a ABe
nocjenHue — 3HAYeHHAMM Ipyroli nepemesHo#f. CooTBercrBHE
YCTAaHOBHM Takoe: eciH X = 1, T0 y=4; ectu x =6, 10 y = 3.
Mu nonyuuay caMyio HacTOALIYI0 QYHKUMIO — HEeBaXKHO, YTO Y
Hee TOJILKO ABa 3Hauenus. OHa MOMHOCTHIO MOJXONHUT O] AAaHHOE
BHILIE ONpefeneHye.

Ha 6ase nenbix yuces MOXHO CKOHCTPYHPOBAaTb panHoHaJb-
Hble UHCJia — OTHOLUEHHA ABYX Heqblx uuces. CkaxeM, eclu rof
poxzennss HploToHa NMOJAENHTh HA TOX H3AAHHS 3TOH GpPOIIIODHI,
TO MOJIYUHTCH palHoHanbHOe uucao 1643/1965. PamuonanbHBIX
4HCes, TaK e, Kak U LesbX, 6ecuncienHoe MHOxKecTBo, Ha nep-
Bblfl B3MJIAJ KaXeTcsl, YTO PalHOHaJbHBIX YHCe] Bce e OoJblie,
yeM nebix. OkaspiBaeTcs, 0OJHAKO, UTO KOJHYECTBO TeX H APYrHX
onuHakoBo. YTo6bl yTBepKIATh 3TO, HYXKHO MMETh Cnocob cpas-
HHUBaTbh MeXJy c000i0 GecKoHeuHble MHOXKECTBAa H CYAHTh, KaKoe
U3 3THX MHOXeCTB «GoJsiee MomiHoe». Takoit crnoco® ecTh H OH
oueHb MpocT. B camMoMm jene, BCIOMHHM, KaK Mbl CpaBHHBaeM
MexJy coboii KolvyecTBa KOHEUHHIX MHOMKECTB, Kak, HalpuUMep,
MLl yCTaHaBAHMBAaeM, KOTO B 3ajie GoJibliie — MYXXUHH HJIH KeH-
1wHH. MOXHO NOCYHTATh OTAENBHO WHCJO JKEHIUHH, MOTOM YHCJIO
MYXUHH H CPAaBHHTb pe3ysbTarthl Mexay coGowo. Ho ects u apy-
roil myTh: 06BbABHM TaHell M NMOMPOCHM o6pa3oBaTth naphl. Ecau
OCTaHYTCA MYXUYHHBI — 3HAYHUT HX GoJblle, €CJIH HEKOTOPHIM Aa-
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MaM He XBaTHUT KaBaJjlePoB, 3HAUUT MYyKUHH MeHnbuie. Hakowneu,
MOXKET CJAYUYHTbCH TaK, UTO TaHUEBaTb OYAyT BCE — TOrAa MOXHO
ObITb YBEpPEHHBbIM, YTO KOJHYECTBA MYXKUHH H KEHUHH OJHHA-
KOBBL.

Beckoneunocts Henb3s nepecuutatb. Ho jaBa GeCKOHEUHBIX
MHOXKECTBa MOXKHO CPaBHHTb MeXAY cO0OM, NMbITasiCh YCTAHOBHUTH
B3aHMHO OJHO3HAYHOE COOTBETCTBHE 3JIEMEHTOB. EcCIH MOMXKHO
KaXk/loMy 3JeMEHTy NepBOro MHOXECTBa COOTHECTH BIIOJIHE Ompe-
NeJeHHBIH 3JeMEHT BTOPOrO W NPH 3TOM HH OJHH 3JIEMEHT BTO-
poro MHoXKecTBa He OyAer mpomyiieH (T. €. 3aBefoMo Gyner Cy-
LI ecTBOBAaTh 06paTHOE COOTBETCTBHE), TO Mbl BIpaBe YTBEPXKAATh,
YTO HAIUH ABA MHOXKECTBA PABHOMOILIHEL,

BeckoHeuHOe MHOXKECTBO Le/BIX YHCET H GECKOHEUHOE Ke MHO-
XKeCcTBO Bcex JpoOell cOBepHIEHHO OJMHAKOBHI IO CBOEH MOLIHO-
ctu. Tako#l mapajzokca/lbHbI pPe3yJbTaT MOXHO CHeJaTh OYEBH/-
HBIM JJ151 J11060ro cKenTHKa. TOJNbKO CHayasa HYKHO YrOBOPHTHCS
6paTh MHULIbL HECOKPATHMBble APOGH — HHaue OJHO M TO K€ paLHo-
HaJIbHOe YHC/IO OyleT NOfABAAThCA GeCUHCIEHHOE KOJHYECTBO pa3
noJ, pasHeIMH MackaMH, HanpuMmep, 27/37 BHIHBIDHET BTOPOH pas
Kak 54/74, norom kak 81/111 u T. n. ITocne cpenannoil oroBopxu
MOXHO BCe pallHOHaJ/IbHbIe YHCJA PacloJIOKHTh B TaGJIHLY, PYKO-
BOJCTBYACh, CKa)KeM, TAKHM NPHHLHUIOM: B BepXHell CTPOKe OYAyT
cToATh ApPoGH co 3HameHateneM 1 (310 OyAyT, KOHeuHo, LeJbie
YHC/Ma, HO OHU SIBJSAIOTCS YACTHHIM CJIyuaeM pPalHOHAJBHBIX YH-
ces), NpHYEM YHCAHTENH GyAyT BO3pacTaThb CJeBa HampaBo; BO
BTOPOU CTPOKe MbI HamuieM ApoGH cO 3HaMeHaTeneM 2 H CHOBa
€ BO3pacCTalOLIMMH YHCAHTENSIMH; CTPOKOH HHXKe — Bce Jpo6H
co 3HaMeHaTeseM 3 H Tak 10 GeckoHeuHocTH. TaGauma, pasy-
MeeTcs, MOJNYYHTCH He OrPaHHYEHHOH HH CIpaBa, HH CHH3Y.
Hanucatb ee BCIO HEBO3MOXKHO, HO HETPYAHO NOKa3aTh ee KYCOK,
KOTODbIH cpa3y IOSICHHT 3aKOHOMEpPHOCTb €€ COCTaBJIEHH:

1 2 3 4 5 6 ...
1/2 3/2 5/2 7/2 92 11/2 C e
13 2/3 4/3 5/3 7/3 8/3 . . .
1/4 3/4 5/4 7/4 9/4 /4 . . .

. .

32 . . . »

L 2 . L] . a

Kak BHIHO, MBI NPONMYCKaeM BCe COKPATHMble APOGH, YTOGHI
OJHM H Te 2Ke UHCJa He BXOJAHUJNH B TaONHIY HeCKo/abko pas. Ilpu
JaHHOM criocobe cocTaBJjieHHst TaOJHUBl MBI He TPONYCTHM HH
OJHOTO paLHOHAJILHOrO uHciaa, I'oBops Mo-APYroMy, B 3Toil TaG-
Juile (ecaH Gbl ee MOXKHO ObIJIO HamucaTh LEJHKOM!) conepxkarcs
BCe palHOHaJbHEIE YHcaa. MOXHO JIH MOCTAaBUTh MHOXKECTBO 3Jie-
MEeHTOB 3TOif TabJHILEI BO B3aHMHO OJHO3HAYHOE COOTBETCTBHE C
PANoOM LenBX YHCeNd, T. €. 3aHyMepoBaTb DAallHOHAaJbHbIE YHC/IA
TAaKHM cIIoco00oM, YTOObl XBATHJIO HOMEPOB H HH OJHO pal{HOHaJb-
HOE YHCJI0 He OblJIO NPONYLIEHO?
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Cnoco6 3TOT CyllecTBYeT H OH OueHb HecsioXeH. HauneM ny-
MepanMio ¢ JIeBOro BEPXHEro yria TaGJHubl H 3aTeM NpPOJOIKHM
€e UEJHOYHBIM XOIOM — NOAOOHO NBMXKEHHIO UYeJIHOKAa, HATATH-
BaIOIET0 JHaroHaJbHYIO OCHOBY TKanu. Homepa B stoMm cayuae
pacnoJsoxarcs Tak:

6 7 15
8 14
13

[CRI-<, 8 XY

—O QO
—

|
1

CoBeplIeHHO OYEBHAHO, YTO NPH Halllell CHCTEMe HyMepaluu
BCAKOE palHOHAJIbHOE YHCJO TIOJYYHT CBOH COOCTBEHHBIN HOMep,
T. €. MHOXECTBO palHOHAJbHHIX YHCel OTOGPa3UTCHd, NPUTOM
B3aHMHO OJJHO3HAUHO, Ha MHOXKECTBO LleJIbIX YHCeN (MBI TOBOPHM
BCEe BPEMsi O IOJIOXHTENbHBIX YHCAax). MOXHO cKas3aTh H Tak:
KOJIHUECTBO 3JIEMEHTOB B NpHBENEHHOH Bhllle TabGJHLlEe TaKoe XKe,
Kak U KOJHYECTBO 3J€MEHTOB B €AHHCTBEHHOH CTPOUKE LeJbIX
uHCes,— MBI Bellb YOEIHIHCh, YTO 3Ta CTPOUKA, H3OTHYBIUHCH, 110-
KpHIBaer BCio Tabauny 6e3 ocTaTka.

Hraxk, npoGeii cToJbKO e, CKOJBKO H LEMBIX 4Hcesn. A cyle-
CTBYIOT JIH KaKHe-J1H60 uHcya, KpOMe PalHOHAJBHBIX HJIH LEJbiX?

TeoMeTpHsa TOBOPHT, YTO CYyLIeCTBYIOT. A ¢ reomerpHeil aHa-
JIH3 He MOXeT He CYHTaThCs, H60 OH H POJHJICS OT T€OMETPUHU U B
3HAYHTENBHON CTENEeHH CAYXKHT eil.

VYuenne 06 U3MepeHHH JJIHH OTPE3KOB NPHBOJHUT K YHC/JIAaM, KO-
TOpHIE HEJb3s BHIPA3UTh YACTHHIM OT HeJIeHHs] ABYX IENbIX UHCE,
TO €CTh COKpAaTHMOH HJIH HeCOKpaTHMOH Apo6nio. BoT, ckaxewm,
IUarosanb KBajpara co croponoil enununa. ITo reopeMe IMTudaro-
pa ee mJIMHA M3MepSeTCa YUCJIOM, KBaApaT KOTOPOro paBeH IBYM.
310 4MCJIO 3aBEOMO He NpeAcTaBHMO B BHIe ApobuH. B camowm
nene, ecnd Gl OHO BBIPaxKajoCh PAallHOHAJBHBIM YHCJIOM, TO, CO-
KpaTHB YHC/JHTeNb M 3HAMeHaTeslb Ha OOlLHMe MHOXHTeNH (eCiu
TaKOBBHIE €CTh), MBI B HTOre NOJNYUW/IH OBl 3HaueHHe JJIHHBI JHAa-
roHaJIu B BHJIE @/8, THe @ U 8 — ILieJible YUCIa, He HMelollde 061X
MHoXHuTeneld. Heo6X0AHMO JOMKHO BBHINOJHATBCA PABEHCTBO:

(a/b)? = 2. 3nauur, a? = 2b2.

Tenepp o6cynuM nociaefHee cooTHouwleHne. Ksajapar uuciu-
Tesisi Haueldl APo6H, COTJIaCHO 3TOMY COOTHOLIEHHIO, fABJSIETCA
yeTHBIM uucioM. Ho 3Hauut, W caM uyHCIHTENb — ueTHbIH, HO6O
ecaid 6bl OH GBI HEUETHBIM, TO M €ro KBajpaT NpejcTaBis] Obl
co6oio HeuerHoe uucyao. CriegoBaTenbHO, MOXKHO HamkcaTh
a = 2¢, Toe ¢ — KaKOe-TO YHCJO, ykKe He 0053aTellbHO UETHOE.
IToncTaBHB Takoe BbIpa)KeHdHe MJIS1 @ B Hallle paBEHCTBO, MBI Mo-
ayuuM: 4¢2 = 2b2 CoxpatuM obe uactu Ha jBa: 2¢2 = b% Orciona
SIBCTBYET, 4TO 4HCI0 b2 — ueTHOe, a 3HAYMT, H 3HAMEHaTeNb Ha-
et Apo6u ueTHoll. Ho ecnu M yucauTe]b U 3HaMeHaTeslb yeT-
Hble, TO APO6b MOXHO ObIO Obl COKPATHTb Ha JBONHKY, a Mbl
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MPefNnoNOKHIIH, YTO BCe COKPALUEHHS yXKe NpPOBeJeHbl H OOLIHX
MHOXKKHTeJIEH y uHCJIuTenss U 3HaMeHarenas HeT. [IporuBopeune, k
KOTOPDOMY Mbl NpPHILJIH, AOKas3biBaeT CYILEeCTBOBaHHe yHCeJ, He
ABJSIOLUXCS paLUOHANBHBIMH.

OTH yHCIa NONYUYHIH Ha3BaHHe HPpalHOHAJAbHBIX. Cpefd HHX
He TOJNBKO BCEBO3MOXKHbIE KODHH, HO M TaKHe uuc/ia, Kak 3HaMme-
HHUTOe §t — OTHOLIEHHEe MJIHHBI OKDYXKHOCTH K =2e gHaMeTpy H
He MeHee INMPOKO H3BeCTHOe e — OCHOBAHHE HATYDasbHBIX JIO-
rapudmoB. MppanvonaibHble 4hcia Jydlle BCErO MbICJAHTb cebe
KaKk OeCKOHeuHble HelepHOJHUYECKHe NecsTHYHble JapoGu. SlcHo,
4TO O BBHIYMCJEHHH TOYHOI'O 3HAYeHHS HPPALHOHAJNbHOTO YHCJaA He
MoxeT GbITh peud, 3aTO BCSIKO€ KOHKPETHOE UHCJIO TaKOro poja
MOHO HAHTH ¢ JIIOOOH 3aJaHHOH CTENeHbI0 OKPYIJeHHS.

['eoMeTpuueckast npHpofia MaTeMAaTHUECKOrO aHaJAH3a NOACKA-
3bIBaeT U APYryl0 HHTEpIpeTalHio HppauyuoHaabHbeIX yucesa, Ecan
Mbl 06beIHHHM BMecTe pallHOHaJbHbIE H MpPalHOHANbHbIE YHC/IA
(BMecTe oHU 06pa3yIOT MHOXKECTBO AeHCTBHTENbLHBIX YHCEN — 3TO
HasBaHHe Kak Obl MojpasyMeBaeT, YTO pacCMaTpuBalOTCs Bce
yHcaa, KpOMe MHHMBIX) M OyAeM OTKJajAblBaThb Ha NPSIMON OT-
pe3Kd ¢ HayasJoM B HEKOTOPOH BbIGpPaHHOH TOuKe H C JJHHAMH,
BBIPAXKAIOLIUMHACA 3THMH YHCJIAMH, TO KOHIbl OTPE3KOB 3aMOJHAT
Bcio npamylo. HaoGopor, no6as TOUKa «4HUCAOBON MPSIMOH» HJH
«YHCJIOBOf OCH» COOTBETCTBYET ONpe[eNeHHOMY palHOHAJBHOMY
HJIM HppaunuoHaJbHOMY uucay. Takum o6pasoM, AeHCTBUTEeNbHbIE
YHC/Ja COOTHOCATCS C TOUKAMH NPSMOMH H B JaJjibHelIieM Mbl 6yaeM
FOBOPHUTBH O YHCJAX, KaK O TOYKAaX, PACIOJIOKeHHbIX Ha MpsiMOH C
HayaJIoM OTCYeTa U ¢ MacwTaboM.

Boiinem B aGCTpaxkTHHIH MaTeMaTHYeCKHH MHp, OCTaBHB I103a-
IU HecoBepIIeHHble H NMPHOJHU3HTeNbHbIe COOTHOILEHHSI PeaNbHOl
XKH3HH. ¥ caMOro BXoja Mbl HATOJNKHEMCSi Ha GECKOHEUHO TOHKYIO
npsIMyio, Ha KOTOPOH MepualoT JABe OeCKOHEYyHO MaJsieHbKHe
TOYKH — HYJb U e€AHHHIA. Bo3bMeM 6eCKOHEYHO TOHKYI0 HIOJIKY
H TKHEM HaoOyM B YHCJOBYIO ocb. B Kakoe 4nc/0 MBI Homagem —
B pallHoHaJ/bHOE HJIM HppaloHANIbHOE?

Oxka3sbiBaercs, MBI HaBepHSIKA KOCHeMCS YHcCJa BTOPOTO THIA.
Boiee Toro, ecnu 66l ThIKAIH Ha0OYM Hallell HTOJKOH B YHCJIOBYIO
NpsAMYIO B TeueHHe MHJJIHAPAOB JIeT, Jejass TPHIJIHOH YKOJIOB B
CeKYHAY, TO HHKOTZa Mbl He MONaJH Gbl B PallMOHaJbHOE YHCIO,
XOTSl Ha JIIOG6OM CKOJIb YTOAHO KPOLUIEYHOM OTPE3Ke OCH STHX YH-
ces1 GecyHcIeHHOe MHOKecTBO!

Wnu, npeiacraBum ce6e, UTO y4yaCTOK UHCJOBOH OCH OT HYyJs
J0 efHHHUBI 0GJlafaeT Maccoii, JONyCTHM, B OAMH rpaMM. Bri6po-
CHM BCe pallHOHa/bHble yHcaa (T. e. COOTBETCTBYIOLLHE TOYKH).
Macca ocraBumerocs «Marepuana» GyneT MO-NPeXHEMY OLHH
rpamM. Bce 370 npoHCXOQHUT NOTOMY, UTO HPPAUMOHAJBHBIX YHCEN
3HAuuTeIbHO 6oJibIlie, YEM palHOHAJbHBIX, HECMOTPS Ha TO, UTO
M TeX W APYTHX Ha J1060M oTpe3ke OeCYHCTIEHHO MHOrO: MOLI-
HOCTb MHOXKeCTBa HppalHOHANbHBIX uHCel OoJibile, yueM MOLI-
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HOCTb COBOKYNHOCTH ApoGed. TakuM o6pasoM, MOXHO CKa3aTh,
YTO YHUCJOBasl OCb COCTOUT NMOUTH LEJIHKOM H3 UHCeJ Mppauuo-
HaJIbHBIX, MEXKAY KOTOPHIMH BKJIHHHJIHNCH HEKHE 3aMeyaTesbHble,
HO PEIKOCTHBIE YHC/Ia — palHOHaJbHbIE YHC/Ia.

Ho BepneMcs H3 yaHBHTeNBHOrO LAPCTBA MaTeMaTHKM B Halll
HeCOBepIUeHHbIH Mup. 3lechb Mbl OOHApyXKHM, 4TO HAa NpPaKTHKe
HMeeM J1e10 TOJIbKO C palHOHaJbHBIMH YHCJAaMU. Benb ecid Mbl,
HanpHMep, HCIOJb3YEM 3HaueHHEe 4HCJa &, TO BCErja MHUIIEM je-
CATHYHYIO po6b C OnNpejeneHHbHIM (KOHEUHBIM) UYHC/IOM 3HAKOB
nocne sansgTofi — caefgoBaTeNbHO, GepeM NPHOGJHKEHHOE palHo-
HaJIbHOE BbIpa)KeHHe BMEeCTO CYUIECTBYIOLIEro JIHIIb MO 3aKOHaM
(hopMasbHOH JIOTHKH HPPaLHOHANBHOrO YHc/la — GeCKOHeUHOH He-
NepHOJHUECKO! APo6H Aasg ®. DTy ApoGh He TONBLKO HENMb3s MpakK-
THUECKH HANHCAThb, HO M OHa NPOCTO HEM3BECTHAa Ue/JOBEYeCTBY
LeJIHKOM, H60 caMble pbsiHbie (aHAaTHKHA BBLIYMCJACHHI MOIJH
HalTH AJIS YMC/Ja ; BCEro HECKOJBKO JeCATKOB, HY COTEH 3HAKOB
nocJie 3ansToH.

OnsaTp xouercsas 06e3BpeIHUTh BO3MOXHbIA BONPOC UYHTATENS:
a He OOBSABHTbL M B TAKOM CJyyae HppalyoHaJbHbIE yHucaa (aH-
Tasuell 3ayMHBIX TeopeTHKoB? Her, Tak cienaTh Heab3ss — M He
H3-32 MOTPENIHOCTH NPOTHB YMO3DHUTENbHBLIX BHIBOJOB, a Ja)Ke H3
YHCTO MNpaKTHUecKHX coobpaxeHuil. Ecau GBI MBI yroBOpHJHCH
paccMaTpHBaTh JIHIIL KOHEuHble JecATHUHHE APOOH ¢ THICAUBIO
3HAKOB MOCJe 3angToH, TO pPaHO HJIH MO3AHO TO CTaJ0 GBI TOPMO-
30M, BpEIHBIM orpaHuueHneM. Kro mopyunrtcsi, 4Tto uepes He-
CKOJIBKO JieT He BO3HHKHET HeoGXOAHMOCTb B OTAE/NbHEIX BONpocax
TEXHHKH HCNOJb30BaTh, CKaXeM, ABe THCAUH HeCATHYHLIX 3HAKOB?

HppauuonanbHble uHcia — Heaju3ally, yKa3plBalolHe Ha-
npaslieHHe, Aaloillde KAI04 K Bce 6ojiee TOUHOMY BBIUHCIEHHIO.
Hx Henb3si HanucaTbh Ha 6yMare WAH Kak-TO BhIDa3HTb uepe3 KO-
HEeYHOe YHCJIO MPOCTHIX OnepauHtii, HO K HUM MOXKHO NPHUOIMIKATE-
€ CKOJIb YTOAHO C MOMOIMIbIO MOCTHXKHMBIX /11 HaC paunHOHa/b-
dbIx yncen. Mrak, cHoBa mpomecc, AMHaMHKa, JBHXKeHHE, T. €.
onpeReNAIOMMN AyX aHa H3a.

Teneps, nocie ysCHeHHS NpPoGJaeMBl YHCes, Mbl MOXeM Gonee
KOHKPETHO FOBOPHUTh 0 YyHKuHUAX. [la5 onpeneseHHOCTH MHl 6yneM
paccMaTpuBaTh TakHe (DYHKUMH, B KOTOPBIX He3aBHCHMas Inepe-
MeHHasi (ee BHIGOp MpOH3BOJIEH) MpoGeraer Bce AelHCTBUTE/bHbIE
YHC/Ia, PAacNoOXKeHHble MEXKAY HyJeM U eJHHHLeH, a Apyrada Ie-
peMeHHasi, Ha3piBaeMasi OObIYHO (yHKIMeH, NAs KaXKJA0ro sHaue-
HUsSl NMepBOil NepeMeHHOH NPHHUMAaeT BIOJHE Olpefe/eHHOe 3Ha-
yeHHe, SIBJASIONIEECS] TakXKe NeHCTBUTENbHBIM YHCJIOM. Bhime Mbl
rOBOPWJIH O TakoH (YHKUHOHANBHON CBsI3M, KOrga obe nepeMeH-
HBIX HMEJH TOJBKO 10 [ABa 3HaueHus. Bnpeldp Takue ciyuyad Hac
uHTEpecoBaTh He GYAYT, 3T0 He cpepa ananusza. Ho 1o, uto MH
o6paTHINCh K (QYHKIHUSM, 3aNaHHBIM Ha MHOXECTBE BCeX Jel-
CTBHTEJIbHBIX YHCEJ OT HYJs 10 eAHHHLEI, BOBCE HE H36aBUT Hac
OT BCTPEUH C «I1aTOJIOTHYECKHMH» CJAY4asMH, C BBICIUIEH CTeNneHblo

15



CTPaHHOCTH. BoT npuMep (yHKUUU-YYAOBHINA, NPHAYMAaHHBIA
¢dpaHLy3CKUM MaTeMaTHKOM lupuxJe.

dyuknus 3ajmaercd CAeAYIOLHM NPaBHJIOM: KaXJOMy Hppa-
LLHOHAJIbHOMY 3HAUEHHIO HE3aBHCHMOM NepeMeHHOH COOTBETCTBYET
3HaYeHHe 3aBHCHMOI NePEeMEeHHOH, PaBHOE HYJII0; KaXKJAOMY PalHO-
HaJIbHOMY 3HAaYEHHIO He3aBHCHMOH II€PEMEHHOH COOTHOCHTCS €IH-
HHIA.

Bce Tpe6oBaHus, npeibsBisieMble K (YHKLUHH, 31eCh BHIIIOM-
nennl. Kak TonbKO Mbl (DHKCHpyeM IepBYIO NepeMeHHYIO, cpasy
e CTAaHOBHTCS H3BECTHBIM COOTBETCTBYIOllee 3HaueHHe BTOpPOH
nepeMeHHOH, MpUYeM NMPAaBUJIO OTHICKAHHS STOrO 3HAUYEHUS HC-
K/JIOUHTENTbHO NPOCTO, HUKAK HEBO3MOXKHO JaxKe OLIMOGHTbCA B
BBLIYHCJIEHHH. Y LOBJIETBOPEHO U Hallle JOMOJHHTEIbHO® YCIOBHE—
He3aBUCHMas IlepeMeHHass npoberaer BCIO COBOKYNHOCTb Aeil-
CTBHTENBbHBIX UHcen OT HyJs no exuuuusl. Ho kak wuso6pasuth
¢yukuuio Jupuxie rpaduuecku?

BosbMeM Kakoe-HUOYAbL 3HAUeHHE HE3aBHCHMOH MepeMeHHOH,
ckaxeM, onny Bropyto., CooTBeTcTBYyIOlIEe 3HAUEHHE QYHKIUH —
enunuua. Touka rpaduka Jsgker Hajd cepelHHOH OTpe3Ka 4HC-
JIOBOH OCH HOJIb — €JUHHIA Ha eJHHUYHOM PACCTOSHHH OT STOrO
orpe3ka. Ho omna Touka — 3To eille He rpaduk, Tak Kak HaM
HY2KHO HaHeCTH Bce GeCuHCJIeHHOe KOJHUYECTBO TOYEK, OTpa)Kalo-
HWIHX COOTBETCTBHE MeXAY nepeMeHHbIMH. COBOKYNHOCTb TOUYEK
o6pa3yeT OOBIYHO JIMHHIO, a JIMHHIO MOXHO HapHCOBaTb Ha GyMa-
re, HO 3TO JHLIb «OOLIYHO», a B HallleM cJydae JeJo OGCTOHUT
unaue! Kak yrogHo 67H3kKo K OLHOH BTOPO# GYAYT HAXOLHTHCS H
pauHOHaJbHEIE, U HppPALUOHAJbHbIE YHC/IA, a 3HAYUT Ha JIOGOM
KPOLLEYHOM pPACCTOSIHHH OT ToukH 0,5 4HCJIOBOH OcH GYAYT HMETh-
cd Takue TOYKH, I'le 3HaueHHe (DYHKLHM PaBHO €IUHHIE H HYJIO.
Pyka ne cMoxer HapucoBaTh rpaduk ¢yHkuun Hupuxne, u6o,
u3obpaxas ero, npujaercs GeCKOHEYHOe 4YHCJIO pa3 OTPhLIBATh
pyKy OT GyMaru H NnepeHOCHTb OCTPHE KapaHAallla CBepPXY BHH3 H
Hao6opoT. XuMepHUYeCKyl0 (YHKUMIO, O KOTOPOH MBI pacCKasaJid,
MOJKHO YBHJETb JIHIIb «BHYTPEHHHM B30POM>», MOHSB NPUHUHI ee
ycrpoiictBa. Eff cooTBeTcTByeT YAMBHT2/bHBIA rpaduk: pamuo-
HaJbHbIE TOUYKH OTPe3Ka YHCJIOBOH OCH NPLITHYJ/H BBEPX HA €XHHH-
1y, a TaKHX Touek 6eCKOHeUHOe KOJHYEeCTBO.

HEMPEPBIBHOCTb —JOCTOUHCTBO

HenpensssThlit, XNagHOKPOBHBIA H YypaBHOBEIUEHHBIH UCCHENO-
BaTeJb JOJXKEH OTHOCHTbCSI KO BCceM (YHKUHMAM OJHHakoBo. Ho
3T0 He mosyuaercs. MareMaTHK He B cHnaX H36aBHThCS OT 3MO-
IHOHA/IbHBIX KaYecTB 4e/J0oBeKa, KpoMe TOro, OH He 3a6hiBaer, UTo
ero Hayka npus3BaHa OOGDBICHATh oOkKpYy:xKalomuit Mup. Ho rae s
OKpYXKaIollleM MHpPe MNPOHCXOAAT MNPOUECCHl, OIHChIBaeMble Aep-
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rapoiefica ¢yukuueit Hupuxne wuau nopoGHbIMH  ypogaMu?
Moxer GbiTh, TaKue (QYHKUHH-YOMIOAKH €CTh He 4TOe MHOe, Kak
HaKJaJHble PAacXObl, KOTOpPhle HMPUXOAUTCA ILIATHTb 3a HE06XOo-
AUMOCTb HJeaJ/IH3alHH H JIOTHY €CKOH MOJTHOTHI?

Marematuky He HpaBuTcs (yHKuHs Jlupuxie H oH cnpamu-
BaeT ce6si: CKOJBKO CYIIEeCTBYeT TaKHX HejenblX QyHkuuii? Kak
MHOT0O HX IO CPaBHEHMIO C «HODMaJbHBIMHU» (YHKLHSIMH, ONHCHI-
BaeMbIMH, CKaxKeM, npsaMoil HiH napa6oJoi?

OTBer okasniBaeTcs HeyTewuTeNbHbIM. Ilpbraomux QyHk-
oM HeusMepumo GoJiblie, YeM CTENEHHBIX, MIaBHBIX, Hepa3pbIB-
HBIX. Tak e, Kak HeNpeACTaBUMBIX HPpalLMOHAJNLHBIX YHCE He-
H3MepUMO GOJblile, YeM BCEM MOHATHBIX palMOHANbHHIX. Ec/H 6bi
Mbl B Halleff MaTeMaTHYEeCKOH «CTpaHe uydecs» IONaJdH B Mys3ef,
Te Ha CTEHKaX IPHKOJNOTH BCEBO3MOXKHbIE (DYHKIHH, 3aJaHHbIE
Ha OTPE3Ke HYJIb — eJHHHIA, TO Mbl HHUKOTJla He YBHAeaH Obl
«IPUJIHYHYIO» (DYHKIHIO — TaKoBble GecClefHO 3aTepsJHch Gbl
cpeau QyHKuui, Kenaolnx GeCKOHEUHOE YHCIO NpBIKKOB. Pasy-
MeeTcdl, H TeX M APYrHX QOYHKUMI O6eCKOHEYHO MHOro, HO MOILL-
HOCTb MHOXecTBa 6/1aroo0pasHblX (DYHKUHHA MeHblIe MOLIHOCTH
MHOXKecTBa (PYHKIHH GecKOHeYyHoe YHC/aI0 pa3 cKauyllHX.

EnuHCTBeHHBIH pPasyMHBII BBIXOJ M3 INOJIOXKEHHS — CHEJNaTh
crenyiollee 3aspiaeHne, «Mbl moHHMaeM, 4TO GOJIBIIHHCTBO (YHK-
Ui, YIOBNETBOPSIOLIHX OCHOBHOMY OTIpele/eHHI0, H306paxKalor-
csl AepralolluMHca rpa(HkaMH H He MOI'YT COOTBETCTBOBATh Ka-
KUM-TO peaJsibHBIM IpoleccaM B npupojge. ITostoMy OTHBIHE Mbl
6yneM paccMaTpuBaTh JHIIb TakHe (YHKUUH, KOTOpPble 0CO60
BaXHbI A5 MPAKTHUECKHX LeJell, CO3HaBas, YTO TeM CaMbIM Mbl
CyXaeM IoJie Hallero HccaexnobaHHus. Ho cyKeHHe 3TO BbI3BaHO
co06paKeHHsIMH 3[JpPaBOTO CMBIC/IAY.

Ilocne storo peleHuss cpa3y BO3HUKAET BONPOC: a KAKOE XKe
HaAJIOXHTh OrpaHHuYeHHe HAa (QYHKUHIO, KaKOH NPeIbsSBHUTb KpU-
TepHuit?

OtBer no cyuiecTBy yxe noackasaH. CHOBa reoMeTPpHYECKHMH
coo6paxenussMu. HaMm He noHpaBunach ¢pyHkuus Iupuxse raas-
HbHIM 06pa3oM MOTOMY, Y4TO €e He/b3si HapHCOBAaTh: PyKa He MO-
KeT mphrath GECKOHEUHOe UYHCI0 pa3. A uTo pyka MOXKeT che-
nath serko? UepTuTh JIMHHIO, HE OTPLIBasi KapaHiama ot OyMar,
T. €. H306paxaTh HenpepuIBHYIO KpUBYI0. BoT naBaiite n paccmar-
puBaTh BNpeAb TONBKO T€ (QYHKUMH, YbH rPadUKH NpPeACTaB/AIOT
co00ii HenpepbIBHbIE JHHHH,

AHRanu3 npousoLen He TONBKO OT FeOMETPHH, HO H OT ajre6psi.
Ecnu 66! MBI OTpaHHYMJIUCh YUCTO OMUCATENbHBLIM ONpejeseHHeM
HenpepbeiBHOH (PYHKLUH, TO HCueana Obl BO3MOXKHOCTb TOUHOLO
YHCJIOBOrO HCC/AEN0BaHHS, T. €. HCUHCAEeHHS He Obno 6bl. Y1 Marte-
MaTHK HUIeT JIOTHYECKH ACHYI0O (OPMYJHPOBKY, KOTOpas M03BO-
Jusa Cbl He HHTYHTHBHO, a8 CTPOro M OJLHO3HAUHO YCTaHaBJIHBATH,
ABJSIETCA JIH AaHHasg QYHKUHS HelpepbBHOH HJIH HeT.

OThICKHBas NOAXOAsLIEe OlpejfesieHue, HCIONb3YeM NpeacTas-
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JleHHe O PYyKe, BhluepuHMBaloliefi HeMmpepbIBHYIO KpHBYIo. Pyka Ha-
npaBJseT OCTpHUe KapaHjalla OT KaKoH-TO TOUKH CIEPBa K OYeHb
6.113K0M, 3aTeM K 0oJiee yAajeHHOH — TpPaeKTOPHSA MPOXOAUTCSA
TOC/Ie0BATENbHO, MocTeneHHo. Eciu cuuTaTh KPHBYIO rpadukom
(OYHKIMY, MOKHO YTBepXKAaTh, UTO MpPU MajJoM H3MEHEHHH He3a-
BHCHMOH NepeMeHHOH (YHKIHsI MEHSeTCAd ToXe OTHOCHTENbHO
mano. Ho uto sHauut «Majno»? ITo cpaBHenuio ¢ uem? SlcHo, 4TO
HanucaHHas (pa3a He YJOBJETBOPAET HE TOJbKO NPHAMPUHBYIO
MaTeMaTHYeCKYIO JIOTHKY, HO Jaxe U oObleHHble TpeGoBaHUs K
TOYHOCTH BbIpaxeHHd. IlosToMy omnpeneneHHe HeNnpepLIBHOCTH
JlaeTcs Tak:

«@DyHKUYSA Ha3bIBAaeTCsl HeNpepbiBHOA B JaHHOH TOUKe, ec/H
6eCKOHEUHO MaJIOMy OTK/JOHEHHIO He3aBHCHMOH IepeMEHHOH OT
5TOH TOYKH COOTBETCTBYeT GeCKOHeYHO MaJjioe U3MeHeHHe 3Haue-
HUSl (DYHKIHU>.

BcrnoMHHB, 4TO Takoe GEeCKOHEUHO Majasi BeJMYMHA, MOXKHO
nepeckasarb onpefeleHue no-apyromy: «Ecian ¢dyHkuus Henpe-
pbIBHA B TOYKE Xg, TO IPH CTPEMJIEHUH He3aBUCHMOH nepeMeHHOH
K Xo QYHKIHSA CTPEMHTCH K TOMY 3HaueHHIO, KOTOPOE OHa HMeeT
B TOUKe Xo». DTO H 3HAUHT, UTO, BeJsl KapaHJall K 3aaHHOM TOUKE,
Mbl 6yieM npu6/aHKaThCS K Helt Bce 6/IHK2 U GJIMKe, YTO PACCTOS
HHe MeXJAy OTNPaBHOH TOUYKOH M KOHeuHO# OyHeT Ge3rpaHHYHO
cOKpalaTthcs, YTO KapaHjaw He 6yaeT nperaTbh B pafioHe 3ajaH-
HOH TOYKH.

Mbi panu onpeneneHHe HenpepelBHOCTH (YHKIHH B  TOUKE.
A gorja mia peub o NPOBENEHUH JIMHHH <«HE OTPLIBasg pPYKH»,
uMeJslach B BUAY HENPePHIBHOCTb (DYHKIHH Ha HesoM orpeske, Ilo
NPHYHHAM YHCTO JIOTHUECKOrOo CBOHCTBA ynoGHee HCXOAUTH U3
HeNpepLIBHOCTH HMEHHO B TOuke. TorJga HenpepblBHOCTb Ha OT-
pesKe MOXKHO ONpPEeNHTh TaK: (DYHKIHS HelpepblBHA Ha OTpeE3Ke
B TOM CJyuae, eCIM OHa HempepblBHA B Kax/[OH TOUKEe 3TOTO OT-
peska.

Bce kaxercs ecrecTBeHHBIM M mpocThiM. Ha mepBhiit B3rsisig
MOXXHO NOAYMaTh, YTO HelPepLIBHOCTb B TOUKe (aKTHUECKH O3Ha-
yaeT CAeAylollee: B HEKOTOPOH OKPECTHOCTH STOH TOUYKH Tpaduk
(yHKUHH H306paKaeTcsi KyCOUKOM JIMHHMH, HapHCOBaHHOH G6e3
orpuiBa pykdH. Ha camoMm e fesne maHHOe BHIIE onpepeseHue
MMeeT HEKOTOpHIE IIeJH, 4epe3 KOTOPbie NPOHHKAIOT (DYHKUHH-
MOHCTPBI.

Opnny u3 TakuX GOYHKIHMH OTKpPbLI BEJHKHH HeMEeUKHH MaTeMa-
tHK Bepurapn Puman (1826—1866), koTopblii  Gbl1  OLHUM H3
OCHOBOIIOJIOXKHHKOB HOBBIX B3IVISILOB Ha NMPOCTPAHCTBO H BpeMS.
dyukuus Pumana noxoxa na ¢yskuuio upuxie, Ho cxoncrso
5TO YMCTO BHelIHee. Bor ee samanue: npu /M1060M HpPpaUHOHANb-
HOM 3HAueHHH X (peub HAeT, KaK Bceraa, o0 0Tp23Ke HOJIb — eH-
HHLlA) Yy paBeH HYJ/IO, NMPH PAlHOHAJbHOM 3Ha4YeHHH X (PYHKUHA
paBHa efMHHUIe, AeJEHHOH HA 3HaMeHaTeJNb H2COKpaTHMOH ApoOH,
BLIpaxkawuen x.
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Uro6rpl Jyyille NPOYyBCTBOBATb CTPYKTYPY GyHKUHH Pumana,
HanulieM HECKOJIbKO 3HayeHHii He3aBUCHMOH nepeMeHHo# (x) u
COOTBETCTBYIOLIHX HM 3HaueHHH QyHKIHHU (¥):

|

1
I3 '3J4

X 0,1 0,3 0,4

0,2

0,5 I 0,55

1
0,5 l 0,05| 0 l——lm—‘

Yy lO,l ' 0,2 lo,l lo,z

DynruusA 5Ta COBEPLIEHHO YAUBHTENbHA B OTHOLICHHH Hempe-
puiBHocTH., OKasblBaercsi, OHA HEMpepbIBHA B JIOGOH HppanHo-
HaJbHOH TOYKe W pa3pblBHA B J10060#f panuoHaabHoH. Ecan
BCIIOMHUTb, YTO U UppPAaLHOHAJ/bHbIE, H PALUOHAJbHBIE TOYKH pac-
NOJIOJKEHBl Ha OCH GeCKOHEYHO I'yCTO H MepemJieTeHbl MeXAy Co-
60it, To cBoiicTBO (pyHKUHMH PuMaHa mokaxercs JIHKHM H mapa-
HokcanbpHEIM, Ho 6e3yKopH3HeHHAsl JIOTHKA MOATBepXKAaeT CTpaH-
Hoe noBefeHHe GyHKUUU. [Ipocsenyem ke 3a JIOrHKOIL.

BosbMeM kakoe-To HppalHOHAJIbHOE 3HaUYeHHe X. B HeM ¢yHK-
IUsT paBHa HyJ0o, BosbMeM Teneph oueHb OJIM3KOE 3HAUEHHE X,
T. €. <OTBeIEeM PYKY 4yTb-uyTh BIPaBO HJH BJeBO». Mbl nonagem
Ju00 CHOBAa Ha HppAaIHOHAJbHOE 3HAUEHHE X, HO TOrAa (DYHKIUS
no-npexxHeMy GyZeT paBHa HYJIO H TpeGOBaHHE K HEeNPepbIBHOCTH
yaos/ierBoputcsi (pyka He IpHITHET HH BBepX, HH BHH3, a OCTa-
HeTCsl Ha YMCJIOBOH oCH), JHOO Ha palHOHA/NbHOE 3HAYeHHe.
W TyT-TO BHIINIBIBAET caMoe IJIaBHOE: DalHOHAJNbHOE UHCJIO, pac-
NOJIOXKEHHOE OueHb GJH3KO K HPPAaLHOHAJBHOMY, 06s3aTelbHO
HMeeT OrpPOMHBIN 3HaMeHaTeJb. DTO SICHO M3 TOLO, UTO €CJH MBI
XOTHM 3amucaTh OECKOHEUHYI0 HeNepHOAMYECKYIO IeCSITHYHYIO
Apo6b NPUOIHKEHHO, HO C OYeHb GOJIbIIOH CTENeHbI0 TOUHOCTH
(a 3To ¥ 3HAYUT B3ATh palHOHAIbHOE YHCI0, OJH3KOE K HppaLHo-
HaJBHOMY), MBI 00sI3aHbl B39Th OUeHb MHOIO 3HAKOB IlOCJEe 3arsi-
Toit. [lecaTuunyio ApoGb MOXKHO NpPEBpPAaTHTh B MPOCTYIO, HO Y
noc/efHell 6yner Gosbluoli 3HaMeHaTenb. Temepb, o6pauiasicb K
onpeneseHnio pyHkuud PuMaHa, Mbl BUIHM, UTO B PALHOHAJbBHbIX
Toukax, GJH3KHX K HPPalHOHAJbHOH, 3HaueHHe QYHRUHH Gymer
OueHb MaJio, MOYTH HyJb (eIHHHLA, AeJeHHas Ha KOJOCCAJbHBIi
snaMeHatenb!). TakuM o6pas3oM, mpu JIETKOM CMeLIeHHH KapaH-
Jalia BIPaBO MJM BJIEBO OH CABHHETCsSl BBepX HJIH BHH3 TOXe
ouenb HeHaMHoro. PyHkuusa PuMaHa Gyfer HenmpephlBHOH B Hppa-
IIMOHAJbHOH TOUKE.

C xpyro#l CTOPOHBI, COBEpPILIEHHO OUYeBHAHA Pa3pLIBHOCTb B pa-
LHOHANbHOH TOuKe. B Helt (DYHKIHS HMeeT KaKoe-TO KOHKpeTHOe
3HaY€HHE, a CKOJIb YTOJHO G/IM3KO CYIIECTBYIOT HPpaLHOHANbHbLIE
3HAUEHHUS X, B KOTOPbIX (DYHKIUS paBHA HYJIO. 3HAUHT, IIPH OT-
KJOHEHHH KapaHJalia, HaXOAsIerocst Haa palHoOHaIbHOH TOUKOH,
KaK yrofHO MaJjio BIpaBO WJ/H BJIEBO OH PE3KO YMaJeT BHH3 Ha
YHCJI0BYIO OCb — OYIET CKayoK.
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dyukuus Jupuxie Goina paspbiBHa B JI060f Touke OTpeska
dynxuua PuMana xutpee — ona HenpephBHA B GECKOHEUHOM
yuc/e TOUEK, HO H pPa3pbiBHA TakxkKe B OECKOHEUYHOM UHCJie TOYEK.
Hu o Kako#l, KOHEUHO, HeNpepLHIBHOCTH Ha OTPE3Ke HE MOXKET 3]1eCh
6niTh U peun. OGe 3K30THUECKHE (PYHKUHA HEBO3MOXKHO HapHCO-
BaTbh, 06e OHH He COOTBETCTBYIOT KaKUM-IHGO peajibHBIM Ipolec-
caM OKpYyXKalolllero MHpa.

Ilonyuaercsi, 4TO BCAKOE JIOTHUECKH SICHOE, TPOCTOE H TOYHOE
onpenenenne (a 6e3 TaKuX onpejeNeHHi He MOXKeT CYIeCTBOBaTh
aHanu3) no HeH36eXXHOCTH OXBATHIBA€T He TOJIBKO NPaKTHUECKH
HHTEpecHble AJI1 Hac CJydYaH, HO H IeJblii COHM NOOOUYHBIX.
IloatoMy B HcC/leJOBAaHHH MBI AO/KHBI HATH 10 NYTH TOCAEHLO0-
BaTeJIbHOTO BBEJEHNS BCe HOBEIX M HOBHIX OrpaHHYeHHH, HaKAadbl-
BaTh Ha KJIaCcC HHTepecyIOIUUX Hac (QYHKUHH Bce Gosiee XKeCTKUe
ycioBus. Kak nokasbiBaer paccMorpenre ¢pynkunu Pumana, Her
CMBIC/Ia 3aHUMATbCA (QYHKIHMSAMH, KOTOpbie HenpephiBHEL B GeCKo-
HEYHOM KOJIHUeCTBe TOuek oTpe3ka. HyxHO, mO-BHAHMOMY, UTOGHI
(yHKuus Oblla HenpephiBHA Ha BceM oTpe3ke. Torxa 3Hauu-
TeJIbHAsA J0JIS1 <IATOJOTHH» GYAET oTCeueHa.

Hrak, oThilleM Ha BHICTABKe (YHKHHUH TOT CTEHH, HAa KOTOPOM
KpacyloTca (GYHKLIHH, HeNpepuiBHble B JI0GOH Touke oOTpe3ka
HOJIb — eAUHHUA, U He OyLeM OTXONMTb OT 3TOro cTeHia. B Buae
KOMIIEHCAllHH 3a MOT2pl0 OGIIHOCTH MLl BIpaBe OXKHIATh HOSB-
JIeHHs1 y Halllero CYXeHHOro Kjacca (YHKUHH KakHX-TO Xapak-
TEPHBIX CBOHCTB.

ITosiciuM 3TOT BaKHBIA Bompoc Gosize moxpo6Ho, On cBsA3aH
C BecbMa YHHBepcaJbHOH Npo6JeMol COOTHOWIeHHst o6liero H
crenuanbHOro, YacTHOTO.

BceM co MmIKO/MBHOM CKaMbH H3BECTEH MHOTOWIEH — BhIpaxe-
HUe, collepxallee OYKBY X B HE/bIX NMOJOMKHTENbHBIX CTeleHsX.
MHorounenbl 06/1a5al0T HEKOTOPHIMM OOLIMMHU CBOMCTBAaMH, Ha-
npuMep CTeNeHb NPOH3Be/leHHS MHOTOUYIEHOB DaBHA cyMMe cre-
neHeil COMHOXHUTEJICH, H 3TO YTBEepXKIEeHHe CNpaBelJIUBO JJig JIO-
Goro 3Hauenuss x. Mel penko 3aayMbiBaeMcs Haj TeM, UTO Takoe
MHOTOUWIEH OT X (Tak Mbl IPHUBBIK/IH K HEMY), HO (PaKTHUECKH 3TO
€CTb HeKasi BO3MOXHOCTb NOJCTAHOBKH BMECTO X JIIOGOr0 KOH-
KpeTHoro yucnaa. MHorouseHsl ¢ 6yKBeHHOH HEH3BECTHOH HYKHBI,
B KOHEUHOM CueTe, [/ TOro, YToObl MOJACTABJATbL BMECTO GYKBbI
onpeflesieHHOe YHCJIO, T. €. NMPOH3BOAUThL clenuanusanuio. Ho
ecnn Obl Mbl BCErfa pacCMaTpHBaJId JIMUIb MHOTOUJIEHbl B AaHHOH
TOUKe, TO HaM He yJaloch Obl M3y4yHThb YEPTHI, NPHCYLlHe BCEeM
MHorouslleHam cpa3y. Takum o6pa3oM, Ha BONPOC, UTO Jyulue
u3yuyaTb — OOWIME cJayyall WM ClelHaJH3HPOBAHHBIH, HYXKHO
OTBeYaTh TaK: HeEo6XOAUMO H3yuyaThb M TO H JApyroe. Hem obuiée,
yHuBepca/jbHee 00BEKT, TeM OH paclbIBUaTee, TeM MeHblle Y
HEro MHAMBHAYAJbHBIX KauecTB, 3aTO 3TH KAueCTBa «JOpOKey —
OHH JalOT KJIOY K NIOHHMAaHHIO NPHPOABI MHOXKECTBa YacTHHIX
o6bektoB, HyxHO HaunmHaTh ¢ o0uiero cjayyasi, HO OCTaHaBJIH-
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BaThCs Ha HeM OyneT 6ecrnofHo, HGO Ha caMOM [eJ/e CyLIecTBYIOT
JIMILIL KOHKPETHbIE CAYYal H OKOHYaTe/NbHas Lelb COCTOUT HMEHHO
B ux pasbope. OfHaKo 3TOT pa3Gop He/lb3s BECTH, 3apaHee He
BOOPYKMBIIHCh HEMHOI'OUHC/IEHHBIMH CBeJleHHsIMH OOLero Xapak-
Tepa.

Ananus uaer B Toynoctd no stomy nytH. CHavanma paccmart-
puBaloTCd (QYHKIHHMH BooGlie — JIOGble MBICAHMble GYHKIHHH. ¥
abCTpaKkTHOH «mpocto (YHKUMH» MO CYILeCTBY HET HHKaKHX
CBOHCTB — 3TOT OGBEKT aMOp(HbIH, pacTIKUMBbIH, MHOI'OJHUKHI,
npuspaunbiii. BpocuB B3TVIsAA Ha pasMblToe 00/1aKO Bcex (YHK-
uuil, MaTeMaTHK (BepHBIHi CBOEMY [€JNOBOMY HYXy) NepeXOiuT
K NepBOHl CTYNeHH ClenHalH3alHd — paccMaTpHBaeT (YHKIHH,
HelpephIBHbIE HA OTPE3Ke HOMb — efuHHLIA, TYT yXKe NoABASIOTCA
XapakTepHble NPH3HAKH, KOTOPhle BeCbMa HHTEPeCHO HCCJIeL0-
BaTh.

Mbl mo3HaKOMHMCS ¢ JBYMsl Ba)KHeHIIMMH CBOHCTBAaMH Herpe-
PHIBHBEIX Ha oTpe3ke (QyHKHu (MI0OBIX HelpepbBHBIX (YHKIMI,
T. €. 5TH CBOHCTBa OGIIM AJ151 BCEro Kiacca):

1. ®ynkuus, HenpepuiBHAass Ha OTpe3Ke, OrPAHHYEHA HA 3TOM
OTpE3Ke.

2. Ecnu QyHKuUsi HenmpepoiBHA HAa OTpPe3Ke M Ha €ro KOHIAX
NpUHHMaeT 3HaueHHs pa3HbIX 3HAKOB, TO BHYTPH OTPe3Ka €CTh
Takast TOUKa, B KOTOPOH (DYHKIMS paBHA HYJIIO.

Bropoe yTBep:K/IeHHEe NpPEACTABJSETCH OYEBHIHLIM: €CJIH Bbl
HauaJli PHCOBATb JIHHHIO, Jlep:Ka KapaHJall HUXKe YHCIOBOH OCH,
a B KOHIle OH OKa3hblBaeTCsl Haj OCblo, TO I'le-TO Bbl 00513aTe/IbHO
nepeceyeTe YyuCAOBYIO ock. Kak pa3 B 3Toit Touxke (pyHRUHUsI GyeT
paBHa Hysao. IIpaBna, MaTeMaTHKH He MOTYT YZAOBJIETBOPHUTHCSI
TaKUM «JJ0Ka3aTeJbCTBOM»: Belb CaMO MOHSTHE HENPephIBHOCTU
onpeneissioch He yepe3 «PyKy H KapaHJall», a YHCTO aHaJHTH-
YecKH, I03TOMY H 060CHOBLIBATb BTOPOE CBOHCTBO HY2KHO CTpOXKe:
JIOTHYECKH BBIBOASI €ro H3 (DOPMYNHPOBKH HENPEePLIBHOCTH Ha
oTpe3ke. YueHble JaBHO y:Ke CIPaBUJIHCh € 3TOl 3afaueil U HalLIH
(npaBia, AOBOJMILHO IpPoMO3JKOe) Ge3yKOpH3HEHHOe OnpaBRaHHe
TOMY 3asiBJIeHHIO, KOTOPOE KaXXeTCsl HeCOMHeHHBIM H TakK. [las Hac
ceifuac He 00s3aTeNILHO CJeJOBaTh 3a BCEMH H3rHOAMH JIOTHYe-
CKOH Ka3yHCTHKH; Mbl IPHMeM CBOHCTBO HOMep 2 6e3 BCAKOro
obocHoBaHusA, 3aTo HaM OYZAET MOJE3HO NPOHJIIOCTPHPOBATL 3TO
CBOHCTBO NpPHMepPaMH, B3ATHIMH H3 OKpY:KalolleHd KHU3HH.

Ber npuesxaere na CeBepHbiit KaBkas, nonyctuM B Hanbuuk.
Ilnan takoB: nmo6poautr no ropam, a 3ateMm BbiiTH K YUepuomy
Mopio.

Mexny Bamum ornpasibiM nynktom (HasnbunkoM) u xoHeu-
HeiM (Cyxymu) pacmosnoxken Tnasubit Kabkasckuit xpeber, ko-
TOPLIH MOXHO CUHTaTh GECKOHEUHO TOHKOH NpAMOMH, He HMeloule
HH Hayaja, HH KoHuna. Taxkas ugeanusanus o60CHOBAaHA, TaK Kak
Xpe6eT AOCTaTOYHO OpsM H ero HeGoJblliHe H3rHOBI A5l Hac He-
CYLIECTBEHHBI, a8 KOHLB Xpe6Ta pacno/io:KeHbl 3a npeAenaMu npak-
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THYECKOH JoCTHxMMOCTA (AnmepoHckuil moayoctpoB H Anana).
Paccrosinne mexxpy BaMu H Xxpe6TOM GyAEM CUHTATh MOJNOKHTEb-
HbIM, ecJIH Bhl HaXOJMTeCh Ha CeBePHOH CTOPOHE, H OTPULATENb-
HHIM, €CJIH HA I0XKHO# (3TO TOXKe OGOCHOBAaHHO, TaK KaK KOriaa
BBl NlepeGHpaeTech Ha T'PYSHHCKMIl CKJIOH, TO XpeGeT yxkKe «Ho3a-
Au»). 3HAuMT, PpacCTOAHHe 3TO Kak (YHKUHS BpeMeHH YHAOBJET-
BOpsieT YCJAOBHIO MYHKTAa 2 — OHO 3a[laHO Ha onpene/eHHOM Bpe-
MEHHOM OTpe3Ke (Hadajo H KOHel OTNyCKa), HelpephiBHO B JI0-
60ii MOMEHT BpeMeHH (H60 CKOPOCTb BalIeTO TeEpPEeNBUKEHHS
Bcerfia KOHeuUHa) W NPHHHMAeT HA KpAasix OTpe3ka 3HAueHHs Npo-
THBOMNOJOXKHbIX 3HaKoB. CJe0BaTe/IbHO, HACTAHET TAKOH MOMEHT,
KOTJa BH OKaXKeTech Ha Iepesalle.

Taxux MOMeHTOB MOXKeT GHITH H HeckosbKO. Eciin BB nepece-
KaeTe XpeGeT, TO 3HAK PAaCcCTOSIHHSI MeHSeTCH HA NPOTHBONOJNOXK-
nelii. TlosaToMy, nepecekast xpe6eT kK pa3, Bl OKaXeTechb OT Hero
Ha paccTofiHuH 3Haka (—1)* , Orcioga caenyer, 4To AJIS TOrO,
yTOGbl OKasaTbcsl Ha noGepexbe UYepHoro Mopsi, HEOGXOAUMO
npoHTH HeyeTHOe YHC/O NepeBanoB. Eciu e BH 3aX0THTE NpoBe-
CTH OCTaTOK OTHmycKka Ha Kacnuu, To BaM mpugercs nepeBasHTh
Xxpe6eT yeTHOE YHCJIO pa3 — ABA, YeThIPe, WIEeCThb U T. J.

To, yTo Mbl cefiuac rOBOPHJIH, MOMKET [IOKA3aTbCs CJAHIIKOM
NPOCTHIM, XOTSl H HAr/IAAHO TMOSICHAET CBOWCTBO HeNpepHBHOM
¢yukuun. Crenyolyi npAMep He Tax NPoCT.

YenoBeg 3amien B Kade U ced 3a KPYribiéi CTONHK. Brisichu-
JIOCh, UTO CTOJIHK KauaeTcs — OJHA HOXKa He JOCTaeT [0 [oJa.
Oc¢uunanTka xoTesna NOMJIOXKHTh GYMaxXKy, HO NOCETUTENb OCTa-
HOBHJI €e — OH OKa3aJjicsl MaTeMaTHKOM. «OIHHUM TOJILKO Bpaiie-
HHEM C€TOJla BOKPYr LEHTPa,— CKasaJd OH,— MOXHO JOGHTbCH
TOro, YTO KauaHHs He 6yner. [IpHueM, yroa noBopoTa He MpEBH-
cut 90 rpanycoB. Ctos GyaeT CTOATh B TOil XKe CcaMoil NMO3HUIHH,
HO COBEepILIEHHO YCTOHUHBOY.

IToceruTens 3HAM CBOHCTBO HenpepuiBHHIX (yHKuuH. OH HCXo-
JIUJ1 TaKXKe H3 NPEATOJOKeH s, YTO CTON CAeaaH NPaBHABHO, T. €.
BCE €ro HOXKKH HMeEIOT OJUHAKOBYIO AJIHHY, a NPHUAHON KauaHHA
sBJISIeTCSl HEPOBHBIH NoJi. BOT nenp paccyxiaennii.

3aHyMepyeM HOXKH, CKaxKeM, Mo yacoboili crpenke. He po-
craer o nosna Hoxka Ne 1. Ecau cnerka HaflaBuTh Ha cTOJI, Npo-
THBOIIOJIOXKHAsl 11epBO#, T. €. TpPeTbsl, HOXKKa TOXKe NORHHMETCH
Haj nojoM. Eciu xe Tenepbh MBICIEHHO HEMHOTO BAABUTH HOXKKH
Ne 2 u Ne 4 B 1oJ1, TO MOXKHO CYHTATh PACCTOSIHHE MEPBOM Mapl
JI0 ToJ1a MOJIOKHTENbHBM, a BTOPO# — OTPULIATeNbHEIM,. DTH pac-
CTOSIHHSL MOXKHO BCerfla cJejaTh 10 BeTHYHHE COBEPLIEHHO OMH-
HakoBbIMH. Ilpu noeopote crosa Ha 90 rpaaycos mapsl NPOTHBO-
NOJIOXKHBIX HOXKEK NOMEHsI0TCsA MecTaMi. [10 CBOHCTBY HenpephiB-
HocTH (CuHTaeM, YTO IOJ HE HMeeT pPe3KUX BBIOOHH HJIH BHICTY-
NoB) B npolecce BpallleHHs1 AOJKeH HACTYNHTb MOMEHT, KOrjia
06a pacCTOSHHS CTAHYT PaBHBLIMH HYJNI0 — CTOJ He GyAeT MoKa-
ynBaThesd, O6palaeM BHHMAaHH2, YTO 3/1eChb HMEIOTC (PaKTHUECKH
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He aBe QYHKUMH (MOJNOXKHTENbHOE BHAYaje PaCCTOSIHHE MEPBOI
napel H OTPHIAaTeJbHOE BHauaje pacCTOsiHHe BTOPOH MNapu oT
nosa), a ofHa — CKa)Xe€M pacCTOsiHHe NepBOH Maphl OT NevJia.
Paccrosinre BTOPO# naphl He sABJAsETCS HE3aBHCHMHM, OHO PaBHO
[0 BeJHYHHE H MPOTHBONOJIOKHO N0 3HAKY NEPBOMY PaCCTOSHHUIO.
B uCXOZHOM IOJIOXKEHHH CTOJIa NepBOe PacCTOSHHE HMeeT 3HaK
IVIIOC, B TNIOBEPHYTOM Ha 4eTBePTb 060POTa MOJIOKEHHH — 3HaK
MHHYC. 3HAayHuT, B KAKOM-TO NIPOMEXKYTOYHOM TOJIOXKEHHH pac-
CTOSIHHe TNepBOH maphl A0 NoJa, a ClAejoBaTelbHO, H BTOpO#
napol 0 nojia paBHO HYJIIO.

PexkomenzyeM BaM NpOBepHTb BTOPOE CBOHCTBO HENpPEPHIBHBIX
(yHKUUH NpH NepBOM Ke CTOJKHOBEHHH € KayalolUMCS KPYyIJblM
cToNHKOM. PasyMeercsi, HY:KHO, YTOGHI CTOJI GBLT XOPOIUHM, a MOJ
naoxuM. Ecnu Ha upealbHO IVIOCKOM IOy CTOHT CTOJNHK C EOA-
[IHJICHHON HOXKKOH, TO TeopeMa «He cpaboTaer».

ITepBoe cBoiicTBO HempepbIBHEIX Ha OTpe3ke (QYHKUHHA ROxa-
3aHo HeMeuxknM MareMaTHkoM Kapaom Beitepmirpaccom (1816—
1897), yuutenem Codpnu Kosanesckoit. OHo o3Hauaer, 4To y BCS-
KOH HenpepoiBHOH Ha OTpe3Ke (YHKIHH HMEIOTCSI BEPXHAS H HUE-
HsAS TPaHHLEL, T. €. TakHe JBa uucaa A u B, nepBoe H3 KOTOpPbIX
IpPeBOCXOJUT JII000e 3HaueHHe (PYHKIHH Ha 3TOM OTpe3Ke, a BTO-
poe, Hao60poT, GyJeT MeHbIlle BCAKOro 3HaueHHs (QYHKLHH, B Ka-
KOH Gbl TOYKe OTpe3Ka OHO HH OpaJjiock. I1ocKOABKY Bee mporecch
NpPHPOAH HeNpephiBHE, TeopeMa BeliepmTpacca Kak Gbl yTBepiK-
JlaeT, YTO BCSIKOE KOHKpeTHOe sIBJIEHHe HMeeT CBOe HayaJjio U CBOfi
KoHel. MBI yAOBJeTBOPHMES JIMIIL Takoi «(duIocohCKOli>» HHTEp-
nperaunueil nNepBoro CBoMicTBa M He OGylaeM oOCyXKAaTb €ro moj-
poG6Ho.

Yro Hac ceffuac HHTEpecyeT ropasfo 6oJblle — ITO HELOCTAT-
KM HENpPEpbIBHBIX (PYHKIHI, T. €. BO3MOXHOCTb CYLIECTBOBAHHS Y
HHX <«[aTOJIOTHYeCKHX» KauecTB. FOo onpeneneHnne HempephiB-
HOCTH G6bl10 (opMadbHBIM U uyepe3 Hero KOHTpaGaHZoH Moriu
NPOCOYUTHCS TaKHe CBOMACTBA, KOTOPhie HHKAK HE CNOCOGHH OTpa-
3KaTh UCTHHHBIE COOTHOLIEHHS! BHELIHEro MHpa M KOTOpLIE He co-
r1acyloTCs C HALIUM HHTYHTHBHBIM NPEJCTaBJCHHEM O «XOpoIleH»

(yHKIUHH.

CNEAOYIOLLUEE YNYYLWEHUE —-TNAOKOCTb

HyMas o Tex JIHHHSX, KOTOPbie CBA3aHBl C OKPYKAIOLIHMH Hac
npoueccaMi, Mbl B NEpPBYIO OdYepedb BCIOOMHHAEM pa3iHYHbIE
TPAEeKTOPHH — KPHBbIE [ABHXKEHHs MaTepHaNbHHIX Ted. DTH KpH-
Bble BCETa HeNpepbiBHbI — OGBHEKT He MOMET HCYE3HYThb B OJHOM
MecTe NPOCTPAHCTBA M 3aTeM IOSIBHTbCA B JIPYrOM MecTe, He
npoiijisi Bce NPOMexyTouHble nosuuun. ONHAKO, KpOMe HenpephiB-
HOCTH, TPaeKTOPHSIM NPHCYIE H JAPYroe HenpeMeHHOe CBOMCTBO.
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[lo cuexHo#l Tpacce MUYHTCS TOPHOJBDKHHK. Eciam cMorperb
CBEPXY, TO LEHTP TAXKECTH CHOPTCMeHa Oy/JeT BHIUEPUHBATH KpH-
BYIO, KOTOPYIO MOXKHO Ha3BaTh IJIaHOM ABHKeHHS. Ilnan — 3to
N0 CYILIECTBY NPOEKUHs NepeMelneHnsl LeHTPa THAXKECTH Ha HeKylo
rOpH3OHTaJbHYI0 MJIOCKOCTb. KpHBasi miaHa HempephiBHA, Aaxe
€CJIM JIBKHHK NOANpHIrHBaeT Ha 6yrpax H OTAessieTcs OT CKJOHA.
Kpupas Takxke He MOXET HMeTb YIVIOBHIX TOUEK — HalpaBJ/ieHHE
IBH)KEHHs He MOXKeT H3MEHHTbCS MTHOBeHHO. DU3HK CKaKeT, uTo
3TOMY TNpPENATCTBYET HMHEPUMsS MaTepHanbHoro Teja. Kakum Gui
pe3KHUM HH GblJ1 MOBOPOT NPH NPOXOK/IEHHH TPACCH CJaJIOMa, JIH-
HHSl IV1aHa JBHXKeHHS o6s3aTelbHO GylNeT HMeThb 3aKpyrJyeHHe,
naaBHbl H3rH6. DTO OTHOCHTCS HE TOJBKO K JIBDKHHKY, HO H KO
BCAKOMY OGBEKTY, ABHIKYIIEMyCd B NPOCTPAHCTBE, B YACTHOCTH K
pyKe, Befyueil Kapanjpaum no aucry 6ymaru. Ecan Met npouep-
UHBaeM JIHHHIO 6e3 OCTAaHOBKH, TO OHA He GYAEeT HMETh YIVIOBBIX
TOYEK.

KpuBasa Ge3 n3noMoB HasbiBaercss raafkoi. [nagkocts —
cBOIicTBO Gojlee CU/bHOE, ueM HENpepHiBHOCTb. Bcesikas rianmkas
KpHBas 3aBefOMO HeNpepEIBHA, HO JIHIIL YacTh MHOXeECTBa He-
NpepuIBHBIX KPUBHIX 06/afaer raAajKOCTbi0 — JNOMNOJHHTETbHBIM
IOCTOMHCTBOM. [J1afikux JUHHHA cpeliH HenpepbiBHBIX TaK XKe
«MaJio», KaK LeNbiX UHCEN CpelH palHOHAJbHEIX (XOTA U TeX H
Ipyrux GecKOHEYHOe MHOXKeCTBO M o6a MHOXKeCTBa HMeIOT ORH-
HaKOBYI0 MOIIHOCTB). TeM He MeHee BCe Trpa@uku peasbHBIX
NPOLECCOB INIAAKU HJIH HMEIOT JIMLIL KOHEYHOE YHCJIO H3JOMOB —
TOYEK, COOTBETCTBYIOLHX OCTAHOBKAM ABHXKYILerocs Tena.

CrpeMsicb HaliTH MaTeMaTHYECKH CTPOTO€ ONpefeseHHe IJaj-
KOCTH, MBI, €CTECTBEHHO, NPHXOAUM K TaKoll GopMyJHpoBKe: «JH-
HMS HasbIBaeTCs IVIafIkOH, €C/IH B KaxKJOH ee TOUKe CYLIeCTBYET
eIMHCTBEHHAS KacaTelbHasl H €C/IM NPH Tepexofie OT BCAKOH Tou-
KH K OeckoHeuHO OJ/IH3KO#l KacaTejbHas IoBopauHBaerca G6ecko-
HeuHo MaJjo». B sTolt ppase 3am0xeHo NpefcTaBIeHHE O MJIABHOM
M3MeHeHHH HalpaBJIeHH KPHBOH, HOO HalpaBJ/ieHHe [BHXKEHHS
NpH KPHBOJIMHEHHOH TPAEKTODHH €CTb He UTO HHOe, KaK Halpas-
JIeHHe KacaTesbHOH K 9TOi TpaeKTOpHUH.

Korpa nunHust I0OXKUTCA Ha IJIOCKOCTb, Ha KOTOPOil HaHECEHB
KOOpJAHHATHBIE NPsSMBIE, OHA NepecTaeT GBITh NMPOCTO JHHHEH —
reoMeTpHuecKHM 0GBEKTOM H npeBpamiaercss B (pynxuuio. Torna
HanpaBJ/ieHHe KacaTeJbHOll B JaHHOH TOYKE MOXKHO H3MepsATh MO
OTHOUIEHHIO K OCH HEe3aBHCHMOH MepeMeHHOH, K ocH Xx. ¥moGHo
BBECTH B PacCMOTpPeHHe TaHreHC yrJia HAaKJIOHa KacaTeJbHOH K
3TOH OCH M Ha3BaThb €r0 YIVIOBHIM KO03Gh(HIHEHTOM KacaTe/bHOMH.
B sroM ciayuae TrOpPH30HTa/JbHOMY HANpPaBJIEHHIO KacaTe/bHOH
6yleT COOTBETCTBOBATb KO(pGHUUEHT HYJ/b, BEPTHKAJIbBHOMY —
6eckoHeyHocTh, KacaTe/bHas, Haywas noj yrjioM B 45 rpaaycos
cjlieBa HanmpaBO — CHH3Y BBepx GymeT HMeTb Ko3ddHuHEHT enu-
HHLY, NeplneHAHKy/IsApHAsa K Heli KacaTelbHasgs — KoabduuueHTt
MHHYC €JHHHLA H T. A. ¥ QYHKUHH, H306paXkaeMoil riajKHM rpa-
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¢duxoM, yriioBoit KO3(h(pUIMEHT KacaTeNbHOH OKaXeTcsl HaNpephiB-
HOIi (yHKLHEN He3aBHCHMOM NepeMeHHOH X.

Bot Tyt MblI ¥ Tmojouniu K TOMy, ¢ yero Hauaa HeloToH, Korja
OH TOJIBKO-TOJIBKO NpPHHSJICS 3a pa3spabGoTKy HoBoro Meroja. Bce
JIOTHYECKHE H HJeliHble TOHKOCTH, O KOTOPHIX lJa peub BHIIIE,
NOSBHJMCH 3HauuTeNbHO nosxke — B XVIII Bexe.

Mbicab HeloToHa B cBOEM OKOHUATE/bHOM BHAe Oblla NpocToii
u sicHoii. Uro Takoe kacaresbHas? IlpenesbHoe nosoxeHHe CEKY-
mel, Kak nafitn yrao-

Boit Koa(duuueHT Kaca- Yy

TesqbHof? HyxKHO HafiTH
npejesn yrJaoBoro Koag-
¢uunenta cekyueit. A yay
Kak HaiiTh yrJoBoH Ko-

3¢ PUUUEHT  ceRyle? Yt-----
Ins 3Toro mocTaTouyHo
B3Th NpHpalleHHe He-
3aBHCHMOl nepeMeHHOMH,
3aTeM BLIYHCJIHTbL COOT-
BETCTBYIOLllee €My MNpH- I
pauleHue (pyHKUHUH U HO-

JleIMTh BTOpPO2 Ha nep- Puc. 6.
Boe. PucyHok 6 noscHgaer

CKa3aHHOe Jiyullle KaKixX Obl TO HH OblI0 KOMMEHTapHEB.

MHoruM upTaressiM, BEPOSITHO, OCTAETCSl HENMOHSITHBIM CMBICH
(opMasu3aLUn TaKOro YHCTO FeOMeTPHYECKOTO TepMHHA, KaK Ha-
KJOH KacareJbHO#, cBelé- y
HHsl 06Pa3HOCTH H HArJAAd- f
HOCTH K aHaJUTHUECKOMY
OTHICKAHHIO npefena,

Wnes, oKasaBllascs
CTOJb NJOAOTBOPHOH, CO-
CTOHT B TOM, UTO Pa3JIHYHO-
ro poja BHIYSPYHBAHUS H
yvi3MepeHHs 3aMeHAI0TCS He-
CJIOJKHBIMHU anare6Gpanue-
CKHMH ONepauHsMH, KOTO- Puc. 7.
puie, BIOGABOK, MesaloTcs
M0 CTaHAAPTHBIM pelenTaM M KOTOPhle NOCTYNHbI JI060MY cierka
HaTPEeHHPOBAHHOMY YEJIOBEKY.

BosbMeM 1/1s1 nmpuMepa KpHBYIO, Ha3hiBaeMyIo napa6osioil.
Ona u3o6paxeHa Ha pucyHke 7. Ee xopollo 3HaJ/H elle ApeBHe-
rpeyeckHe MaTeMaTHKH. [TapaGosa — 3TO reOMeTPHYECKOE MECTO
TOYeK, PaBHO YIaJIeHHBIX OT JaHHOH TOUKH, Ha3BIBaeMOH QOKycoM,
H INaHHOH NpsiMoH, HasbiBaeMoil aupekTpHccoil. Ecnu Bocmosanso-
BaTbCA YCJAYraMH aHaJHTHYECKO# TIeOMEeTPHH H PacCHOJIOKHTb
napa6osy Ha KOOPAWHATHOH IVIOCKOCTH (COOTBETCTBYIOIHM 06-
PasoM H C COOTBETCTBYIOLIMM NOAOGHLIM H3MeHeHHeM pasMmepa),

&
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TO eit OyJleT cooTBeTCTBOBATh (yHKuUs y = x¥2. Hama nmapaGona
MOXET TPaAKTOBaTbCfl Tellepb He Kak reoMeTPHYECKoe MecTo, a
Kak rpauk KBaJpaTH4HOH 3aBucHMOcTH. Hapx BCAKOH TOYKOM
Ha OCH X MMeeTcd Kakasi-TO TOYKa nmapaboJibl, U B 3TOH TOUYK2 CYy-
LLeCTBYeT €IHHCTBEHHas KacaTeslbHas. 3HAYHT, MOXHO TaHIeHC
HaKJOHA KacaTelbHOH K OCH X cuHTaTh QyHKuuei or x. Halinem
3Ty (PYHKI{HIO aHAJIMTHUECKHM METOAOM.

B6au3u oT TOUKH X BO3bMEM NPOU3BOJILHYIO TOUKY X + H. U3
pHCYHKa BHAHO, uTO BeJquuHHAa H H3MepsieT paccTosHHe MexAy
OCHOBHOH TOuKOH M cocefnell. Hackonbko xe usmenserca QyHk-
uMs NpH Nepexofe oT X K X -+ H? UTo6u y3HaTh 3TO, HyXKHO U3
cocelHero 3HaueHHs1 (PyHKUHMH BblUecTb OcHOBHOe. [loayuntcs
clenyioliee npupalleHne QyHKIHH:

Ay = (x + H)2 —x?2=2xH + H2

PasnenuMm Temeph 3TO BbIpaKeHHe Ha [, TO ecTb Ha mpHpa-
lleHHe apryMeHTa:

%i = 2x + H.

B cBere TOro, uto 6bl10 CKa3aHO, SICHO: Nepef HAMH YTJIOBOH
K03 dHLHeHT cekyllell. KoadpduuueHt kacaTeJbHON NOMYUHTCS B
TOM cJiydyae, ec/lH HaHTH Npejesn NociegHero BbIpaKeHHs, ycTpe-
muB H k mymio. O6Gpasyercss HOBass (DYHKUHS, IPOH3BENEHHAsT U3
HCXOAHOH M Ha3BaHHasi MO3TOMY mnpousBoxHoH ¢yHkuuefi. [Ipo-
H3BOJHAsi AaHHON (QYHKUHH 0603HaYaeTcsl O-Pa3HOMY; B MOCHAEN-
Hee BpeMsl yalle BCero ynorpebasercss AJs Hee 3HAUOK <«IITPHUXY.
Bot kak MOXHO 3anHcaTh TOT pe3yJibTaT, K KOTOPOMY Mbl NPUIILIH
TOJIBKO 4YTO:

(x%) = 2x.

IToxcraBass BMecTo X JI0060e 3HaUeHHEe, MbBl Hal[ieM yrJoBo#
kK03 pUIEeHT KacaTeJbHOH B JIO60H TOUKe, BepHee, Haj JIOGOiH
TOUKOH ropH3oHTaNbHOH ocu. HanpuMep, 3HaueHuio x = 1/ coor-
BETCTBYET €AUHHYHAS [IPOM3BOJHAS, T. €. KacaTeabHad K napadoJe
HaJ TOYKOH !/, HakJOHeHa K OCH X moj, yrjioM 45 rpaaycos. Ecau
6bl BBl BLIUEPTUJIH KPHUBYIO C Bejuuajiliefi TILATENbHOCTBIO H
aKKypaTHOCTBIO, BBl MOIVIM Gbl YGeAUTbCA C MOMOILLIO TPaHCIOp-
THPA, YTO 3TO JeHCTBUTENbHO Tak. Ho GbIO Obl 3aTpaueHo OueHb
MHOro BpeMeHH. A (opMasibHOE HaxOXK/JAeHHe NMPOH3BOAHOH 3aHHU-
MaeT ceKyHAy-nBe. He mopeiBas ¢ HarJsAHOCTbIO, METOLB! aHAJH-
32 B TO e BPeMs HCIOJb3YIOT BCe NpPEHMYIUECTBAa YHCJIOBOrO
pacuyera.

s o4eHb MHOTHX H3BECTHBIX (PyHKLHiH JIETKO BBIYUCJIHTD
NPOU3BOAHBIE (PYHKIMH [0 pa3 HaBcerAa YCTaHOBJIEHHBIM NpaBH-
JaM. Mu He GyZeM paccKasblBaTh 06 3THX NpaBHIAX, GO Takoil
pasroBop yMecthee 6bl1 Gbl He B Gpowiope <«Marematuueckuii
aHanus», a B Gpomope «Kak mnonb3oBaTbcsl MaTeMaTHUECKHM
aHa/lH30M», YNOMSHEM JIHUIb, YTO yNOOGHbIE AHAJHTHYECKHE BHI-
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pa:KeHHusd NMPOH3BOAHLIX MOAYJAIOTCA HAJA CTEINEHHbIX, MTOKa3saTesb-
HBIX, JJOrapH(PMUYECKHX H TPUTOHOMETPHUECKHX (QYHKIUHH, a Tak-
e Iaa KoMOuHauuii nepeuncaeHHblx Qysxuui. IlpaBma, ecau
KOMOWHAIUSA JOCTATOYHO CJIOXKHA, CKaXKeM, B3AT apKTAHT2HC OT
JorapupMa cHHyca MHOIOYJI€Ha, TO OTHICKAHHE IPOU3BOJHOMH
norpebyer AJHTENIbHbX YCHAHH. MOXKHO creusasbHO NpHAyMaTh
TakKylo CJA0XKHYIO (YHKUHIO, COCTABJEHHYIO H3 MepeydcAeHHbIX
37AeMEHTapHBIX, YTO Aa)Ke ONHTHHI MaTeMaTHK OYAeT HCKaTh
npou3soaHyio moAxHd. Ho Hac HHTepecyer He To, KaK HalTH npo-
H3BOJHYIO, a €CTh JIH NPOH3BOJHAas Y JAHHOH (YHKUHH BO BCeX
TOYKaxX OTpe3Ka, HJH, KaK roBOpAT, fABJAdeTcs JH MYHKuus nud-
(bepeHUHPYEMOi HA OTPE3KE.

Ecau siBasiercs, To HeH36eXKHO NO/IKHB OGHAPYXKHUTHCS AONOJ-
HHUTE/JbHBIE N0 CPABHEHHIO C HENPepHBHbIMH (QYHKUHAMH CBOM-
crBa. Benp nuddepenuupyeMocts (HajaHuyHe HPOU3BORHOH) —
KauecTBO, BKJAIOYaouiee B ceGs HeNpephBHOCTh, HO BLIXOAsLIee 32
ee pamku. JduddepennupyeMas GyHKUHS «Jayylle» HenpepulBHOH.
dysxuny, obaafaloliHe TPOH3BOLHOH, COCTABJASAIOT JHIUb YacTh
HeNnpeprlBHHIX (PYHKUHH, CneuHaJbHBHH Kjacc BHYTPH OoJiee 00-
ulero kiaacca. Benukue Marematuku XVIII Beka (B 0oCHOBHOM
(hpaHny3Bl) YyCTAHOBHJ/H, KaKHe CBOMCTBA AOJ/IKHBL OBITh OPHCYILH
BceM pu(ppepeHUHPYyeMBM Ha OTpe3Ke QYHKUHAM, HE3ABHCHMO OT
TOr0, HACKOJbKO TEXHHUECKH JIETKO HJ/IH TPYAHO HAHTH NPOU3BOA-
HYIO (pYHKUHH.

IlepBoe u3 5THX CBOHCTB Ha3BaJH B 4YeCTb MaTeMaTHKa
XVII Beka ITbepa PepMa (1601—1665), x0T OH ellle He 3HaA
HOBOrO MeTroja HCCAeAOBaHHS (QyHKUHA H cHOPMYJHPOBAJ CBOIO
TeopeMy He B TOM BHJE, B KAKOM OHa IpHBOAHTCA ceduac. [Ipo-
C/IaBUBLIMACA COBCeM ApPYrofi TeopeMoil (M3 06JacTH TeOpHH pe-
IUEHUs] YPABHEHHH B LeJBIX 4HC/Iax), Tak HasdbiBaeMoi Benuxoit
TeopeMoii PepMa, KOTOPYIO, KCTATH CKasaThb, IO CeHl JeHb He MO-
ryT nokasarb, PepMa 3aHHMAJICS TAKXKe H3yYeHHUEM KacaTeJbHbIX
W KPUBHIX U 37ecb OOHAPYXKHJ (DaKT, KOTOPBIH NEepPeBOJUTCS Ha
A3LIK aHaJH3a CAeNYIOLHM 06pasoM:

«Ecnu ¢yHKIMSA B TOYKe MakCHMyMa (MM MHHHMyMa) HMeer
NPOM3BOJHYIO, TO 5Ta NIPON3BOJHAs PaBHA HYJIO».

TrICAYM CTYNEHTOB NEPBBIX KYPCOB TEXHHYECKHX BY30B Ilepej
3K3aMeHaMH [0 MaTeMaTHKe JIHXOPagouHO CTapaloTcs 3allOMHHTb
HCKYCCTBEHHOE aHaJHUTHYECKOe J0Ka3aTeslbCTBO TeopeMel PepMa,
XOTs reoMeTpHuecKas HHTepIIpeTalus JAeaaeT BhilIeNpHBeAeHHOE
yTBEpXKAEHHE NOopasuTeNbHO oueBUAHbIM. Ha camoM jene, uto
3HAYHT NMPOHM3BOAHAA paBHA HYJI0? DTO 3HAUHT, UTO KacaTejbHas
K KPHBOiHl mapaJjenbHa OCH X, T. €. FOPH3OHTajbHa. B Touke
MakCHMyMa BospacTaHHe (DYHKUHHU CMeHAETCss yOhIBaHHeM H Ka-
caTeibHasl B 9TOH TOUKe, pasyMeercsi, JOJIKHA JiekaTh TOPU30H-
tanbHO. He cpasy sicHo, moueMy B (DOpPMYJIHPOBKE TEOPEMB! €CTh
cnoBa «eCqd QYHKuHsA... HMeeT NPOH3BOAHYIO». O6bsicHenHe Ta-
KOe: MaKCHMYM MOXKeT JOCTHTaTbCsl B «YIJIOBOH TOYKe», a B Ta-

27



KHX TOYKAaX Helb3s IOBOPHTb O €AMHCTBEHHOH KacaTe/bHOH, T. €.
O [POH3BOJHOMH.

[Tonpo6yeM mpouJsIIOCTPUPOBATH TeopeMy DepMa KU3HEHHBIM
npuMepoM. PaccMOTpPHM JABHKEHHE BBICOTHOrO PeaKTHBHOIO ca-
MoJieTa. Molnblii ABHraTeNb COOGILAET eMy CBEPX3BYKOBYIO CKO-
POCTb H, MOCHYUIHBIH PYJIIO, OH MOXET ONHCBIBATH CaMble CJIOXK-
Hele u KpyTbie JuHHA. OLHAKO KOpPIyC caMoJjieTa Bcerja Hampas-
JIeH NG KacaTelbHOH K TPaeKTOPHH, Kako# 6bl M3BUJIUCTOH IO-
caenHsas HA Obia. TakoOBel 3aKOHB  a3POAMHAMHKH, KOTOPHIE
onpeneNsioT JBHKEHHE CBePX3BYKOBOTO CaMoJeTa.

PsiioM ¢ JeTYHKOM CHAMT HabJIofaTe/lb H He OTPbIBAfACh CMOT-
puT Ha anabTHMeTp. BricoTa pacrer, cHayasa OBICTPO, IOTOM Mej-
JeHHee, noToM onaTh Geictpo. Crpenka noxassiBaer 15000 x n
samupaer. ITocie sToro BhICOTa HauumHaeT napgatb. XoTh HabJIo-
InaTenb, MOIVIOUIEHHBIH CBOUM Je/0M, He CJHEAUN 3a NOJIOXKEHHEM
caMoJjieTa B MOMEHT JOCTHXKEHHMs HaHBBICIIEH TOYKH TPaeKTOPHH,
OH MOXKeT OBHIThb YBEPEHHBIM, UYTO KOpNyC pacloJjarajcs B 3ToT
MOMEHT FOPH30HTaJbHO — cpaboraja Teopema Pepma. He npas-
Jla I, pe3y/bTaT 9TOT MOXKHO GblIO NpefBHAETh H HE H3yuas Ma-
TeMaTHuecKoro aHasnusa? Ho Begp cuia TOUHOH HAyKH COCTOMT,
B YaCTHOCTH, B TOM, YTO OHa He BCTylaeT B MPOTHBOpEYHE C oue-
BHIHBIMH H NpaBUAbHBIMH (pakTamMu. Ocraercs TOJNBKO NOGaBHTh,
4FO Mbl MOJIYAJIHBO CUHTAJH TPAEGKTOPHIO caMoseTa Au(depeHuH-
pyeMoii suHuel, unaye TeopeMa Pepma He Gbla Obl MPHAOKUMA.
IToueMy TpaekTopHsI BCAKOrO MaTepHaJ/bHOrO TeJa, ABHXKYLIerocs
6Ge3 OCTaHOBOK, ABAsieTCA AU(GepeHIHPYEMOH, T. €, IVIaAKOH, Mbl
OGBbSICHSIIM B HauaJsle 3TOH IJaBBhl.

W3 npocroit TeopeMrr PepMa ¢paHny3cKHii MaTeMaTHK Po/ib
pa3BHJ 6oJiee HHTEPECHYIO TEOpPeMY:

«Ecnu ¢ynxnus nuddepennupyeMa Ha oTpe3Ke H Ha KOHLAX
9TOro OTpe3ka NPHHHMAaeT OJHO H TO Ke 3HayeHHe, TO obsd3a-
TeJbHO HalileTcs BHYTPH OTPe3Ka Takasl TOYKa, B KOTOpoOi# mpo-
H3BOJHAA PaBHA HYJIO».

I'eoMerpHueckasi TpakToBKa TeopeMbl Posisi TakoBa: eciu
riajfikas JIHHUS HauyWHAeTCs M KOHYaeTcs Ha ORHOH W TOH xKe ro-
pH30HTAJH, TO HaBepHsIKa I'le-TO Ha JHHHHU eCTb TOYKA, B KOTOPOU
KacaTtesJbHas rOpH3oHTanbHa., PUcyHOK 8 JlaeT HarasgHYIO HJIIO-
cTpauuio sToro yrBepxkieHus. Ecau Ke NPHMEHHTb TeopeMmy
Ponng Kk paso6paHHOMY BbILIe CJydal0 ABHIKEHHS caMoJeTa, TO
MOKHO CKa3aTh c/lefyollee: NpU YCJAOBHH, YTO B3JeTHAs H moca-
JIouHast TUIOLIAJKH DAacloJIOXKeHs Ha OJHOH BBICOTE, MBI BHpaBe
3asfBUTh, YTO B KAKOH-TO MOMEHT [oJieTa KOPIYC caMojiera Obla
pacnoJioKeH napaJjiyieJJbHO 3eMHOH MOBEPXHOCTH.

Pucynok 9 nokasbiBaer, uto ycioshe AuddepeHuHpyeMocTH
(yHKUHH Ha BceM oTpeske sBasferca HeoOXoAuMuiM. Tyr uszobpa-
JKeHa JIHHHSA, HMeloLlasi TPOH3BOAHYIO BCIOAY, KPOMe OXHOMi TOUKH
(yr710BoH TOYKH), HO KaK pa3 B 3Ty HecuUaCTJIHBYIO TOYKY H monas
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makcumyM. He cpaGorana teopera ®epMa, a 3HauuT, U TeopeMa
Ponans.

Ecan pucyHok 8, nosicusiiomnii reopeMy Poaid, HAaKNOHHTS, TO
KacaTelbHasi yxXe He GyJeT rOPM30HTaJbHON, HO OHa OCTaHeTCH
napajjieibHa XopJe, COeJHHAIOWEHl KOHUEBHE TOYKH JIHHHH
(puc. 10). Jtot Qakr nox- |
metna Kosed Jlyu Jlar- A M 8'
panx (1736—1813) u cae-
Jall ero coJepXKaHueM Teo- (A'B" 11 AB)
peMHi:

«Ecnn ¢ynkmus umeer Lo - oo o __ 2
npousaoméyro Ha orpeske, A 8
TO rie-Hubyan BHYTPH OT-
pa3Ka uengﬁeMHoyﬂgﬁneT- Teapema Ponns
cfl TaKasd TOYKa, B KOTOPOM Puc. 8.
NpoU3BOJHAS paBHA OTHO-
LIE€HHIO NpUpauleHus QyHK-
IHH Ha OTpe3Ke K JJIHHE
9TOr0 OTpPe3Ka».

Teopemy Jlarpanxa
Ha3bIBAIOT MHOTZA OCHOB-
HOMl TeopeMoil aHaJu3a.
OHa HOCHT TaKKe HasBa-
HHe (OPMYJB KOHEUHBIX Puc. 9,
NpHpameHui. ITouemy?
Hocrapaemca 310 006bBsIC-
HHTb.

O6o3HauuM mnpupaiie-
HHe ¢(yHRUMH yepes Ay,
npupaiieHne  apryMeHTa,
F. e, AJIHHY OTpe3Ka, yepes
Ax, Ty TOUKYy, O KOTOpOH
roBopHuTCsl B T20peMe Jlar-
paH}a, uepes ¢, a NPOHU3-

BOAHYI0O (YHKLIUIO yepe3 A e
f’ (x). Torna moxHo nanu- Teopema flotpanss
caThb: Puc. 10.

Ay ’
———— C .
L= J(0)
YMHOXKasa o6e yacTH paBeHCTBa Ha Ax, Mbl MOJIyYHM:

Ay = f'(c) - Ax.
3z1ech B JIeBOH 4YacTH CTOMT Kak pa3 <«KOHeyHoe NpHpalie-
HHe» — MOJ CJIOBOM «KOHEYHOE» MOAPasyMeBalOT «He GeCKoHey-
Hoe MaJioe». ITpupauienne 310 MOKeT ObITh JIOOHIM 110 BeJIHUHHE.
A paBeHCTBO OCTaeTCsi TOYHBIM, He NPHOJHMSHTENBHBIM, TOJBKO
HYXKHO HaiTH NOAXOASILLYIO TOYKy ¢ (KOTOpas BCerxa cyuue-
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crByer). Takum o6pasom, TeopeMa Jlarpanxka kak Gbl nepe6pa-
CbIBAET MOCTHK Me/y JIOKaJbHBIMH CBOHCTBaMM (MpOH3BOAHAR
B TOYKE) H HHTerpasibHBIMH — NPHHALJIEKALUMHE BCEMY OTPE3Ky
B L€JIOM — JAJHHOH OTpe3Ka M MOJIHBIM NpHpalleHHeM (QYHKLUHH.

Te u3 unraTeneil, KTO BHHMAaTeJbHO YHTAJ [VIaBy O GeCKOHeu-
HO MaJIblX BEJIMUHHAX, IOUYBCTBOBAJIH, B2POSITHO, UTO MaTeMaTHYe-
CKHil aHaJH3 CTPEMHTCS BCe BpeMs IepeHTH OT KaTeropuil, cBoii-
CTBEHHBIX GOJIbILIIM, KOHEUHBIM TelaM HJIH OTPE3KaM, K TOYSUHBIM
XapakTePHCTHKAM — JJifi 3TOTO HCIO/b30BaJOCh MOHSITHE Mpe-
nena. Teopema ke JlarpaH:ka HeOXHJAHHO pacKpbIBaeT NPOTH-
BOMOJIOKHYIO TEHIEHLHIO aHaNu3a. B 3TOM CTONKHOBEHHH ABYX
BCTPEUHBIX HJEHHLIX JHHHI HET HUKAKOro IpoTuBopeuus. DBosee
TOrO, KaK pa3 B €IHHCTBe AMaMeTPasbHO pa3/HUYHBIX MOAXOLOB K
HCC/IeOBAHHIO OJHOTO U TOTO Ke OGbeKTa INPOABJASETCS HCTHH-
Hasi [HaJeKTHUeCKasi NpHpoaa nuddepeHHaJbHOrO HCUUCAEHHUS.
ITockosbKY BONPOC, KOTOPBIH MBI 3aTPOHYJH, SIBJASIETCS CTepiKHe-
BBHIM /I NOHHMaHHs1 (HUI0CO(CKOI CYLIHOCTH aHaau3a, Mbl MO-
rOBOPHM O HEM HEMHOTO IoJpobCHee.

B koHeyHOM cueTe Hac, pa3yMeercsi, HHTEPECYIOT HHTerpaJb-
Hble cBoficTBa (PYHKIMH. B MpakTHKe MBI cTaJKHBaeMcsi C TAKHMHU
MOHATHSIMH, KaK M/oIlaAb, 06beM, MOMEHT HHEPLUH, AJTHHA KpHU-
Boii, pa6oTa Ha DAaHHOM IyTH, Macca Tela, KOJHUECTBO TeMiaa
i T. 1. Ho oThicKaHHe TUX BEJIHYHUH MPSIMBIM CHOCOGOM HATaJIKH-
BaeTcs Ha OTPOMHbIE TPYAHOCTH.

MHorie NOMHSIT, KaK B HIKOJbHOM Kypce MaTeMaTHKH paccKa-
3bIBAJIOCh O HAXOXKIEHUH [JIHHBI OKPYXKHOCTH MU OGBEMOB HEKO-
TOPLIX NPOCTHIX (uryp Bpauenus, IIpu 3ToM Hcnosnb30BaIKCh Ta-
KHe CJIOXKHble W HMCKYCCTBEHHble NpHEMBI, KaK YJABOEHHE UHCJA
CTOPOH OMHCAHHOIO MHOroyroJbHHKa. C MOMOIIBIO IENH JOBOJIb-
HO 3allyTaHHBIX PACCYXKIEeHHH IeJb HOCTHrajNach;, ONHAKO Bech
BLIUMCAHTENbHBIH annapar He HMeJl YHHBepcasJbHOH LEHHOCTH, OH
rOJNJICA TOJBKO [Js1 OKPYXKHOCTH M POACTBEHHBIX ei JIMHHU U
¢uryp.

Benuuafimuii MateMaTHk JApeBHero Mupa Apxumen (287—
212 roapl Jo Hauleil 9pbl) BHIUMCAHA 00bEM LIapa H LHJAHHApA.
Hdns s10rO0 €My INOHamoOM/I0Ch H300pecTH MOPa3HTeNbHOE Mo
CBOEMY OCTPOYMHIO mocTpoeHHe. MCKIIOUHTeNbHBIH TeHHi Apxu-
MeJa 06olIeJ TaKkKe Ka3aBliiecss HENPeoAOJHMbIMH IPensiTCTBHA
Ha NYTH K OTBHICKAHHIO IJIOIIaAH cerMeHnTa napaboas.. Ho Goub-
ero cjejaTh He MoOr Jaxe ApxuMen C ero YHHKaJbHOH oxape-
Hoctblo. Cefiuac XKe 3ajauu O WIoL[aAsaX KBaApaTUYHOH H JIIOGOM
ApYyrof cTerneHHOH KPHBOH MOMKeT pewldTb JOOGOH CTYAEHT BTO-
poro Kypca HHCTHTyTa. Bce meno B ToM, uTo ApXHMeR u apyrue
yueHble HOHBIOTOHOBCKOTO NMepHOAa MOJAXOMHIH K HHTErpajbHbIM
npo6seMaM C NOMOLLbIO HHTerpasbHEIX XK€ METONOB (M JHIIb B
c1aboft CTeneHH, NpHYeM, KaK NpaBH/aO0, HEOCO3HAHHO WUJIU «IIOJ-
MOJIbHO», ONEPHPOBA/IH NOHSITHEM Mpefeaa, HeYeTKo chopMyJiu-
pPOBaHHBIM), TOIZA Kak aHaJ/H3 JejaeT HEYTO COBCeM Apyroe —
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YXOJHUT BHAua/le B M3yyeHHe JIOKAJbHLIX CBOMCTB, B HCCAENOBAHHE
NoBeleHHs] QYHKUUY B 6ECKOHEYHO MaJioii OKDECTHOCTH OJHOI
TOUKH, a 3aTeM, oOoraleHHbH pe3y/bTaTaMH, BHe3allHO BO3Bpa-
1laeTcs K HHTerpajdbHbIM cBOiCTBaM. D@ eKT nonyyaercs nopasu-
TeJbHbIH: CaMble TPyAHBlEe NPOGJeMbl, HaJ KOTOPHIMH GHJNCH
CTOJIETHSIMH, PEIAIOTCA «KaK OPEIlKH».

Bor cxeMa «xoma», ¢ NOMOIIbIO KOTOPOro MaTeMaTHK Kak Gbl
OGMaHBIBAEeT MPHPOAY U JOCTHTaeT CBOEH Leu:

1. BBoauTrca noHATHE NPOU3BOAHONH. DTO TOHATHE YHCTO JIO-
KajbHoe, 160 NMPOH3BOAHAN €CTb Ipejie] TaHredca HaKJIOHA CEKY-
el K OCH x NpH 6eCKOHEYHOM CTPEMJICHHH OLHOH TOUKH K ApY-
roii. ITIpousBognast B naHHOH TOUYKe, Ka3aJjoch Obl, HUKAK He CBS-
3aHa C moBeJeHHeM (QYHKUHH He TOJbKO Ha OTpe3Ke, HO U B He-
NOCPeICTBEHHO COCEAHHX TOYKAX.

2. loxa3biBaercs TeopeMa ®epma. OHa Bce ellle JIOKasbHA,
OHa OTHOCHTCS K OJHOH TOouke (MakCHMyMa HJIH MHHHMyMa) H
Kajiiyue MPOH3BOJHOH TpelyeTcs JHIIb B OJHOH TOUKE.

3. BHyTpu knacca nuddepeHuupyeMbix Ha oTpe3ke DYHKUUH
JloKaspiBaeTcs (popMysia KOHEUHEIX NpHpalleHuii H JIOKaJbHOe M0~
HATHE IIPOU3BOLHOH CBSI3bIBAETCS C HHTErpajibHBIMH NOHATHSAMH
JVIHHBE! OTPe3Ka H M0JIHOTO H3MEHeHHs QYHKIHH.

®OPMYINA HbIOTOHA —NEVBHULA

Cefiuac MBI paccka:keM o ¢opMyJe, KoTopasi MAJAs MHOTHX
npeacTasaseT co6oi Kak O6bl CUMBOJ BCero aHajnusa. Takoe K Heil
OTHOIlIEeHHEe BBI3BAHO €e HCKJIOUHTENbHOH NPAaKTHUYECKOH ILEeHHO-
CTbl0. BOJIBIINHCTBO BHIYHC/EHHH, NPOCIABUBLINX METOJ MaTeMa-
THYECKOr'0 aHajH3a, fejaercsa ¢ noMouipio popmyasl Helotona —
Jleiibuuua.

BcromMuuM, yTo yTBepxkpaaer TeopeMa Jlarpauxka. [Ipupaie-
HHe HeKOTOpoil (YHKUHMH Ha NAaHHOM OTpe3Ke PaBHO NPOU3BeJe-
HHIO JUIMHBEI 3TOrO0 OTpPe3Ka Ha NPOU3BOAHYIO (DYHKHHIO, B3ATYIO
B KaKOH-TO BHyTPeHHEH TOUKE OTpe3Ka.

Jns yno6erBa 6yAeM CUMTATb NPOU3BOJAHYIO (DYHKUHIO KaK GBI
ocHoBHO#l. Torga mepBoHaya/bHO OCHOBHYIO (DYHKLHIO Ha3oBeM
nepBooGpasHoii. [TepBoo6pasHas ¢QyHKRUUS AAA RAHHOH (QYHK-
LMH — 3TO HEYTO NPsSIMO NMPOTHBOIOJOXKHOE NPOoU3BoAHOH. Ecian
nepsass (PyHKUMS siBAsieTcs NepBoo6Gpa3HOd [AJs  BTOpPOH, 3T0
03HauaeT, 4TO NPOM3BOJHAS OT NepBoil (YHKUMH eCTh BTQpas
¢yuguusa. Hanpumep, nepBoo6pasHas AJs HyJNeBOH QYHKIHH eCTh
noCTOsIHHAs, KGO MPOU3BOAHASA OT NOCTOSIHHON BCIOLY paBHa HYJIIO
(370 sicHO u3 pucyHka 11).

BBens, TakuM 06pa3oM, MOHsATHE MepBOOOPA3HOH, MBI MOXKeM
nepeckasarb TeopeMy JlarpaHxka c/elylOUIMMH CJIOBaMH:

«[TpousBenenne 3HaueHHss (QYHKUHH, B3ATOTO B HEKOTOPOMN
cpejHell TOUKe OTPe3Ka, Ha AJIMHY 3TOTO OTPE3Ka PABHO MpHpalile-
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HHIO TepBooGpasHoii Ha sToM oTpeske». Ha pucynke 12 sro cne-
LUaNbHO NOAYEPKHYTO.

Tlpomenaem eue oauy omepauuio. PasfequM Haul OTPE3OK Ha
KaKOe-TO UHCJIO Gosiee MeJKHX OTpe3koB. K ka:KIoMy H3 «Houep-
HHX» OTPE3KOB MOXHO NPHMEHHTL TeOpeMy Jlarpanxka, a ecan

NOTOM MOABECTH HTOT, TO IO-
Y JIYUHTCS CJeAylollee yTBepxK-
JleHHue:

«CyMMa IpOM3BeeHH
IJIUH YacTHYHBIX OTPE3KOB Ha
COOTBETCTBYIOIIHE 3HAUSHHA
(pyHKUEH (cooTBeTCTBYIO-
g Liye — 3HAUHT <«BbIOpaHHBIE
\ B HEKOTOPOH TOuKe BHYTPH
! g COOTBETCTBYIOLIEro OTpe3Ka)

e e - - -

]; T+AT paBHa TMOJHOMY H3MEHECHHIO
nepcoOpa3HoOil Ha BCEM OT-
Puc. 11. peske.

Hrak, ecin 3HaTh nepBoo6pa3Hylo JaHHOH (QYHKIHH, TO O4€Hb
JIETKO HANTH Ha NepBbIH B3T/AA AOBOJBHO HCKYCCTBEHHO COCTaB-
JIEHHYI0 KOMOHHALHIO! CYMMY IIPOM3BEJEeHHH JJHH MaJleHbKHX
OTPE3KOB Ha 3HAueHHsl JAaHHOH (YHKUHUM, B3ATble BHYTPH KaKJo-
ro M3 OoTpPe3koB. [lisi 3TOr0 HYXKHO JHLIb W3 3HAYeHUs IIepBO-
o06pa3HoM, B35ITOrO B NPaBOM KOHIle, BEIUECTh 3HaueHHe, B3ATOe B
[y C8'=AB to o o aesoMm KoHuz. Ilpome Hekyna.

-4 3 Ho ecrecTBeHHO NOHHTEpECO-
g BaThCf, UMeeT JIM CMBICA 3TO

npocroe BhiyrcaeHde? UTo Bbl-
paxaer co6ofi ymnoMsiHyTas
TOJILKO YTO  KOMOGHHAlHsi?
Kakyio uHTEepnperanmuio MOx-
i ! HO JaThb CyMMe NPOU3BeJeHUN
' ' AJHH TNOAOTPE3KOB Ha 3Haye-
: s I Hud QYHKLHH?

N Ilpexxne uem nath Bax-
HEYHbIZ npupoiueHud” lazpanxca
Teopena . w0 pubais s HelillHe TONKOBaHHA (He Of-

Puc. 12, HO, a MHoro!) 3TOolfl cymme,
3aMeTHM, 4TO BLICKa3aHHOE yTBepiKjJeHHe aOCOJIOTHO He YIOMH-
HaeT Yuc/aa OTPE3KOB U TOFO OGCTOATENbCTBA, DAaBHBI JIM OHH
Mexnay co6oit nau H2T. OHO ocTaercs CrpaBelIMBLIM NPH JIOOOM
KOJIHYEeCTBE YaCTHYHBIX OTPe3KOB, NMpu J000M crnocobe AeleHus
N0JIHOTO oTpe3ka Ha Gosee Mesnkue yactd. OHO, KOHeuHO, ocra-
ercsi BeDHBIM H B IpejieJie, KOra YHCJIO OTPE3KOB OyJeT Heorpa-
HHUYEHHO BO3pAacTaTh, a JJIMHA BCAKOrO U3 OTPE3KOB CTPEMHThCA K
Hymo. Takash HeuyBCTBHUTEJIbHOCTb Halllero YTBEPKIEHHS K «pac-
KpO10» GOJIBIIOrO OTPe3Ka Ha MaJibl2 CJAefyeT H3 TOro, 4To cyMMa
npupaileHnii nepsooOpa3HOH Ha YacCTHUHbIX OTDe3Kax Bceraa
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paBHa NMOJTHOMY TIMPpHpAWEHHUIO HA BCEM OTPe3KE€ H K3 TOro, 4Yro
Teopema JIarpamKa cnpasenJiuBa AJist BCAKOrO 4aCTHYHOI'O OTPe3-
Ka, KakKUM Obl KPOIUEYHBIM OH HH OBLI.

Tenepp o cMbic/ie cyMMBI NPOH3BeNeHHUil, BepHee, O pasJjHu-
HbIX €€ CMbIC/IaX.

a. I'eome'rpuquKasa TPOKTOBKC

dtoT B3raAn Ha QYHKUUIO HauGosee [/ HAac IMPHUBBIUEH.
®Oynruus — JIHHHS, HapHCOBAaHHAs Ha MJIOCKOCTH. PaccMorpum
Taxkyio (Urypy: cBepxy OHa orpaHduyeHa rpauxkoM faHHON YHK-
UHMH, CHH3Y — OCbI0O X, C GOKOB — BEPTHKAJIbHBIMH IPSMBIMH,
NPOXOAAILIMMH uepe3 KOHLbl OTpPe3Ka, Ha KOTOPOM 3ajaHa (QyHK-
uusa. Torna BcAKHH u/eH CYMMBI, T. €. NPOU3BeleHHe AJUHL 4a-
CTHYHOTO OTpe3Ka Ha BBLICOTY OpAHHATH,, B3SATOH B KaKOH-TO
TOUKE 3TOro OTpe3Ka, ecTh He YTO HHOe, K4K IJIOWIaAb MpsSMO-
yrosbHHKa. Bes cyMMa — miolllafie HEKOH CTyneH4aToil (QHUrypsl,
3alUTPUXOBAHHOH HAa PUCYHKe 13 M «CUenNeHHOH» C Halllell KpH-

Puc. 13. Puc. 14

BoJIMHeHHOH Qurypoil. EciH yBe/qHUYHBATh UYMC/IO YACTHYHBIX OT-
pe3KoB, TO B NpeJese cyMMapHas IJollajb BCeX NPSIMOYrO/NbHH-
KoB OyJeT B TOYHOCTH paBHa IVICILALH KPHUBOJMHEHHOH (QHIYpHL
CuaenoBaTesbHO, YTOOB! HAHTH IJIOILAAb 3TOH (PHUIYPHI, JOCTATOYHO
OTHICKaTh IepBOO6Pa3HyI0 (QYHKUHH, OrpaHHUHBAIOLIEH (QHTYpy
CBepXxy, H B3ATb NpHpallieHHe NepBoo6Pa3sHOH HA BCEM OTpe3Ke.
Tak MOXXHO BBIYHC/AATH IVIOIIAAH CAMBIX Pa3HOOODPA3HBIX KYCKOB
IJIOCKOCTH. MBI PacCMOTPHUM JIHIUb OJHH IPHMED.

HyxHo nafiTu niomagb cerMeHnTa napa6oJsl, HMEIOLero BHI,
nokasaHHbli Ha pucyHke 14. Herpynuo mpoBepuTh, u4TO aHaJjH-
THYECKOEe YDABHEHHe HHKHEeH rpaHuubl Qurypel GymeT y=x? a
BepxHel rpaHuubl y = x. [lnomanb 3alITpUXOBAHHO! YaCTH MJOC-
KOCTH paBHA PasHOCTH MeXAy miouiaipio TpeyronbHuka AOB n
I0ILAAbI0 KPHUBOJMUHEHOH (Urypsl, Jgexalledl Mexkay mnapabo-
JIOil M OCbl0 X. YMeHbluaeMoe, OYeBHA1O, PaBHO /s, Boluutaemoe
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JIETKO HAHTH M3 NpPUBENEHHHIX BbIIIE cooOpaxeHui. Ias storo
HeoOXOMUMO pasbicKaTb NepBOOOPAa3HYyl0 AJAA  (QYHKUHM y = x2
B ananuze cyuiecTByIOT A€TajJbHO pa3spabOTaHHbIE PeHenThl Ha-
XOXKAEHHST NMepBoO6GpA3HBIX IJS IIHPOKOro Kjaacca (GyHKUHMH; Mbl
JKe NpUBefeM rOoTOBLIfl pe3y/bTaT: nepBoo6pasHas B JAaHHOM CJY-

1 o
yae ecThb «bynxuua—3—-x3. ITO JIeTKO NPOBEPHUTh, HalisA NMPOU3BOA-

3
Hy1o ot 2—. ITocmoTpurTe:

3
1 1
S RHP = 2 RH 4 xH? 4 ——H5
lim = lim 3 = x?
H-0 H H-0 H

3nauok lim osHauaer omepanuio B3ATHs Npelesa; NOA 3HAU-
KOM yKa3aHo, 4TO IIpeJlell BBIUHC/IAETCS NMPU cTpeMiaeHuH H x
HY.JTIO.

Tenepb HHYEro He CTOHT peWIUTh NOCTAB/MEHHYIO 3agauy. M3

o o x3
OJIHOH BTOPOHl HYXHO BBIUECTb NpHpalleHHe (YHKUHH Y =37

B3SITOE MEXJy HyJeM H eAMHHIeH. SICHO, YTO 5TO MpHpallleHHe
paBHO OJHOH TPeTH, a 3HAYMT, IJIOLIaJb CerMeHTa napabonsl Co-
craBjsier ogHy wectyio. ITpo6iema, KoTopoit reHHajbHeHIIHi
IpPeYecKHH YUYeHbI NMOCBATHJA CTOJbKO XHTPOYMHOH BBIAYMKH,
peleHa MTHOBEHHO.

6. MexaHuuyeckasi TPAKTOBKA

ITycTh He3aBHCHMOI MepeMeHHO! CAYKHT NyTh, a QYHKUUEH—
cusa, AeHCTBYyIOIlasi Ha HEKOe TeJo BJOJb HalpaBJeHHS INyTH.
Pa3o6beM NyTb HAa OTHE/bHBIE YYaCTKH H YMHOXKHM IJIHHY KaX-
JIOT0 YUacTKa Ha COOTBeTCTBYIOLlee 3HaueHHe cuibl. Besakoe Takoe
npou3BefieHHe TIpeAacTaBjser coboli paGoTy, COBepLIEHHYIO Ha
YyacTHYHOM oTpe3ke. Eciu nepefiTu K npefesy, MOJAYYUM, UTO pas-
HOCTb NepBOOOPA3HLIX CHIOBOH (YHKIHM B KOHIlEe M HauaJje NYTH
JaeT MOJIHYIO paboTy, NpoJAeNaHHYIO JaHHOH CHJIOH.

B ciyuae B3aUMOJEHCTBHS ABYX TOUEUHBIX 3/JEKTPHUECKHX 3a-
pPAAOB, a Tak¥Ke B clyuyae NMPUTSIKEHHs] ABYX Macc N0 3aKOHY Bce-
MHPHOT'O TATOTEHHS CHJa, NPUJIOXKEHHAs K OJHOMY H3 Teq, o6pat-
HO NPOMOPIHOHAJbHA KBAJpaTy PacCTOSHHA MeXAy TenaMH. 1o
TaK Ha3blBaeMHbIHl KYJOHOBCKHI TUN B3aHMOAEHCTBHS, OUYEHb pac-
npocTpaHeHHH#H B npupoge. UpespbualiHO [E€HHO YMeTb Haxo-
JIUTb 3HEPTHIO MepeMelleHHs Teda B I10J1e KYJOHOBCKOTO BHJA.
Takoe ymenHe ofecleynBaeTcs aHaAU30M.

K
Cujty MOXHO 3amucaThb B (popMe QYHKUHH Y = w2 » e K — He-

KHH KO03(ppHUHeHT (3aBHCALIME OT XapakTepa MOJs, OT MacC HJIH
3apsAgoB 4 T. I.), @ X — pacCTosinke OT HENMOJBHKHOrO Teja M0
asuramoouerocs. IlepeMelieHue NpoOUCXOJAHT MO NMpsAMO#  JIMHUH;
nepBOHAYAJbHOE DAacCTOsIHME MeXIY TeJaMH X;, KOHEUHOe Xo,
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IMepBooGpasHoit Anst GyHKIHH K/x2 cnyxHT QyHKUHS — K/X. Mbt
PEKOMEHAYEM YHTaTeNnl0 YOeAUTbCA B STOM, HafesCh, YTO CKa3aH-
HOe BbILIe JaJI0 yXKe NOCTaTOuHYIo 6a3y JJis CaMOCTOSITEe/bHOCTH.

Ilocne pasbickaHUus NnepBOOGPa3HOH yxkKe Jierko HalTH pabory
nepeMelleHus Hawero Tena. OHa paBHa:

U=k- (l - )
Xt X2

B. Tennosas TPOKTOBKA

Ilannoii GyHKUHEH NyCTb CAYKHT MOLIHOCTD TEMJIOBOTO H3Jy-
yeHHs. [Ipy HEKOTOPLIX YCJIOBHSIX OHA NPOMOPLHOHANBHA YETBEp-
TOH CTeneHH TeMmmeparypbl Tena (Tak HasbiBaeMblit 3akoH Cre-
(pana—DboJbimana). ClieoBatenbHo, ecii 0603HAYHTh MOLIHOCTD
6ykBoii P, MoxHO Hanucatb: P = xT*. K — NOCTOSIHHBIH KO3()-
uuHenT,

Ilycte, nanee, Mbl_ 3HaeM, YTO TeMIepaTypa MeHsercs 1o 3a-
JlaHHOMY 3aKOHY. MOXKXHO /i1 HalTH NMOJNHYIO NOTEPI0 TEJIOM Tel-
Jia, MPOUCIUEAINYI0 MEeKAY ABYMSI MOMEHTaMH BpeMeHH f; u fy?
Koneuno, MoxHo. Insi 9T0ro Hy»HO paccMaTpHBaTh TeMmepary-
Py Kak (GYHKUMIO BPeMeHH, CuHTasi NocJefHee He3aBUCHMOH me-
peMenHoi. Pasnennus Bech BpeMeHHOH HMHTepBal Ha KOPOTKHE
NPOMEXYTKH U YMHOXKHB JJIUTENbHOCTb KaXAOTO IMPOMEXYTKa
Ha HYXXHOe 3HaueHHe MOLIHOCTH H3JyueHHs, a 3aTeM CJIOXKHB BCe
HOJIyYyeHHbIe MPOH3BEIEHHS U B3SB COOTBETCTBYIOLIHH Npeaes, Mol
KaK pa3 NMOJIyYHM IOJIHO@ KOJHYECTBO MOTEPSIHHOIO TEeJNOM Terla.
C npyro#t CTOpOHBI, 5Ta e BeJHUHHA PaBHA Pa3HOCTH 3HAUEHHH
nepBooGpasHoi (DYHKUHH MOILHOCTH, B3SITHIX B KOHIE H Hauyaje
IIOJTHOTO BpeMEHHOro oTpe3ka. B Tex ciyuasx, xorjpa nepsoo6pas-
Hasl OThICKHBaercsl (e3 Tpyna, 3ajaua peliaercss B MHHYTY.

Onuu U3 pacrnpocTpaHEeHHBIX ClyyaeB — DaBHOMEPHOE OCThI-
Banue. Takoro oCcTbIBaHUS 110 CYILECTBY He GHIBAET, HO NPH JIOGOM
3aKOHE YMEHbIIEHHs TeMIepaTypsl Tejla B Y3KHX Npelenax Bpe-
MEHH MOXHO CYHTATb, UTO 3aKOH 3TOT BhIpayKaercs MpsiMoil JH-
uuell. Eciu B HyJleBoli MOMEHT BpeMeHM TeMmepatypa Oblia T,
a B MOMeHT £; oHa ctana paBHOH T, TO NIPH NPUHATOM YIPOLIEHHH
MOXKHO Hamucath ciaefyloLlylo (opMyJy, BbIpaKalollylo 3aBHCH-
MOCTb TEMIEPAaTyphbl OT BPEMEHHU:

T =Ty + (T)— To) {—

(Jlerko y6enurbcsl, uTo npH ¢ = 0 Temneparypa Gyner paBua T,
Tl - To

a npu t=*% —T,). OGo3HauuB aus yaob6crBa —

yepes @,

MBI IpUAEM K COOTHOLIEHHIO:
P =gT*=r(To + at)* =
= K[To* + 4To%at +'6T%at? + 4Toa®® + atty] ,
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Uurarenb morajgancsi, KOHEYHO, 4TO Mbl NIPHMEHHJH HOPMYTy
6unoMa Helotona. Urobul, Aajee, HaHTH nepBoO6GpasHyl0 (YHK-
IHH MOLIHOCTH M3JyYEHHS, BOCIOJNb3yeMCs TAKHMH TPaBUJIaMH:
NOCTOSIHHbIE MHOXKHTENH NPH QYHKIHE MeXaHHUECKH NepeHocsaTcs
B BHAE NOCTOAHHBHIX MHOXHTEJEH TIIpH InepBoo6GpasHOl; nepBo-
o6pasnas mias Jmo0ofl  creneHHOH OyHKuuM x" 2cTh QyHKUHA

] . xn+1 (nocnemHee MpaBHJIO, KCTATH TOBOPS, YiKe BCTpeua-

n-+1
JIOCh B YaCTHBIX CJIyyasnx). YuTs 370, JIerKO HamuuIisM nepBoobpas-

uyio mas P:

F(t) = k[ To* + 2TPat + 2T %23 + Toadt* + 21

UYro6rl HAfiTH MOJHYI0 TOTEPI0 Tensa 3a BpeMs f;, HYMKHO
B35ITb NpHpalleHHe HaNHCaHHOH (YHKLUHMH MEXAy MOMEHTaMH
t=0wu t=1. Ina storo B TmoOCHeJHee BhIpaxKeHHe BMeCTO I
HY>KHO NOACTaBUTh f; (Tak Kak B HYJeBOH MOMEHT BpEeMeHH mep-
BooGpasHan paBHa Hymo). [IpoBens o6paTHYI0 3aMeHYy o yepe3
HayaJIbHYI0 H KOHEUHYIO TeMNepaTyphl H CHEeJNaB BCE BO3MOXKHBIE
yNpOILEHHs], MBI TIOJIYYHM BecbMa KPacHBOe BhIpaKeHHe JAJis TOoJ-
HOT'O NOTEPSIHHOTO TEJIOM TerJa:

Q= k'% [To* + To’Ty + To?T\2 + ToT\® + T4

445
5

HHnTepecHO KOCBEHHO MpPOBEPHUTH NPABUJIBHOCTb MOJYUYEHHOTO
pe3yabTaTa: Beib 3aBeOMO H3BECTHO, YTO €CJH TeMIepatypa
Tena Gyner NOCTOSIHHA, TO MOTEPS Telsla OKAaKercs pPaBHOM
1t To* — Mpou3BeAeHHI0 MOLIHOCTH H3JIyYEeHHS HA BPeMsl OCTHIBA-
nus. M3 Hamelt ¢popMynbl 3TOT pe3ysnbTaT BHTEKaer, HG0 MHl
JLOJIKHBL TONI0XKUTh Ty == Ty H TOrfa B KBaApaTHOH cKoGKe o6pa-
3yIOTCSl NATh OJMHAKOBHIX cjaraeMblX. Ilarepku uuciaurens wu
3HaMeHaTessl COKpaTATCs, M Mbl NPHAEM KaK pa3 K TOMY, UTO
npeasunenu sapanee. HyxHo 106aBHTb, YTO COBEPLIEHHO HEMo-
CTHXXHMO, KaK MOXKHO Obljio GBI pEeUIMTh 3aJauy O NoTepe TemJja B
pazoGpaHHOM cayuae Ge3 ycayr MaTeMaTHUeCKOro aHasusa.

r. 3neKTpo1'exuw-|ec1(a;| TPAKTOBKA

IlpencraBum cebe, 4ToO HMeeTcs KOHAEHCATOp 3aJaHHOH eM-
KOCTH, KOTODPHIiI 3apsKaercs nepeMeHHBIM TOKOM. Kak u3BecTHo,
3aKOH H3MeHeHHs IepeMeHHOro TOKa OT BPEMeHH MOXKHO 3anucarThb
TakuM obpasoM: i = iy - sinw?, rae iy — aMIKTYda TOKa, a @ —
ero nukaIHUeckas uacrora. [lepuon, T. €. OTPE30K BpeMeHH, B Te-
yeHHe KOTOPOro NpPOHMCXOAUT TIOJHBIH UHKJI H3MEHeHHS TOKa

(nocsie 3TOro BCEe NOBTOpSETCS), CBSI3AH C YaCTOTOH COOTHOLIE-
2 o
gueM T = - Maoa3kHO a1 y3HaTb, KaKO¥ NOoTeHnuas Gyaer na

KOHJIEHCATOPE, €C/JH 3apsiXKaTb €ro B TeUeHHe NoJynepHona?
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B nepsyio ouepelb HYXKHO HAfTH 3apsj, NOJYYEHHbBIH KOHJCH-
caTtopoM, 60 NOTEHIHaJ paBeH YaCTHOMY OT AeJIeHHS 3apsiia Ha
eMKOCTb. 3apsij, Xe, B CBOIO ouepellb, MOXKHO pa3buUTb Ha CyMMy
MaJIeHbKUX 3apsiJOB, MOJY4aeMbIX KOHAEHCATOPOM 3a MaleHbKUE
oTpe3ku BpeMeHH. Kaxk/Iblii U3 3THX 3apsiOB paBeH IPOHU3BeleE-
HHIO BEJHYMHBI TOKA, TEKYHIero B NAHHBIi MOMEHT, Ha HHTEpPBaJ
BpeMeHH, B TeueHHe KOTOPOro MOXKHO IpeHeGpeub H3MeHEHHeM
Toka. [IpeneGpexenue Gyner TeM Gosee 0GOCHOBAHHBIM, YeM Ha
6osiee Me/NIKHe OTPE3KH Mbl Pa3fpo6HM BpPeMEHHOH HHTepBaJl.
ToyHoe 3HaueHHe NOJIHOTO 3apsifia NMOJYUYHTCS, €CIH NEepedTH K
npejeny CyMMBl IpOM3BeJeHHIl BpeMEeHHEIX OTPE3KOB Ha TOKH mpH
CTpeMJIeHuH oTpe3KoB K HyJo. Ho Torna sapsp Gyaer paBeH NpH-
palieHHIo TepBOO6pPa3HON (YHKLUUH TOKAa Ha BCEM OTpe3Ke. 3Ha-
KoMas cutyauus!

Ocranock HafiTi nepBoo6Gpasuyio 1 QYHKUHH fp- sinwt. Jdas
TeX, KTO OCBOMJI TeXHHKY aHaJHd3a, 5Ta 3ajadya He NpPeACTaB/sAeT

[
HHKarkoro Tpyna. HyxHasi mepBooOpasHasi paBHa —i—cosmt.

CooTBeTcTBEHHO, MOJIHBIH 3apsA KOHJAEeHcaTopa OGYyAeT paBeH pas-
HOCTH IBYX 3HaueHHWH JaHHOH mepBooOpasHOH: B KOHIE MOJYHe-
puoxa u B Hynesoit MoMeHT. CiiegoBaTe/NbHO, HYXKHO BMeCTO ¢

13
NOoACTAaBUTL CHAauaJia -(o-', 3aTE€M HYJIb H BbIY€CTb BTOPYIO BEJIHYH-

HY H3 HepBOﬁ. y‘melBaﬂ, YTO KOCHHYC 7t €CTb MHHYC €JHHHIa, a
KOCHHYC HYJA — €AHHHLA, NPpHUAEM K BbIpaxKEHHIO AJja 3apana:
_ 2i
q - ()
ITocne storo Cpa3y MOXHO HanmHCaTh 3HAUCHHE MOTEHUHAaJNa
3apsAXKEHHOro KOHAEeHcartopa:

_ 2
U=gc
(C — eMKoOCTb).

MoxHO Obljio Gbl NPOAOJAKATH HAIIH «TPAKTOBKHU» MPAKTH-
qeckd HeorpaHuHueHHo. Bo Bcex o6GsacTax (PU3HKH, TEXHHKH, XH-
MHH, CTATHCTHKH, 5KOHOMHKH, IVIAHHPOBAHHSA H T. J. HA KaxIOM
uiary nosiBasieTcss Heo6XOJHMOCTb BLIYMC/IATH CYMMY NpoH3Beje-
HUH 3HaueHUH (QYHKUHH HAa COOTBETCTBYIOLIHE MaJeHbKUE JIHHLI
OTPE3KOB OCH He3aBHCHMOM nepeMeHHOH H MEPEeXOJHTh K npeaeny
B Takoit cyMMme. [ToueMy ke 310 Tak uyacTo HyXHO Aenarts? [la
OTOMY, UTO 4acCTO NPHUXOJAHTCA CTaJKHBAThCS C NPOU3BENEHUEM
IBYX BEJHUHH.

To, uTo Mbl CKa3aJH cefiuac,— He NMapajoKCc H He a(opHu3M.
IMogymafiTe-Ka: nyTh eCTb NPOH3BeJECHHE CKOPOCTH Ha BpeMs, 3To
Mbl 3ayunau c¢ gercrBa. Ho rak qu? Tak Jauilb B TOM ciyuae,
ec/ii CKOPOCTh MOCTOSIHHA. A ecqii OHa BCe BpeMs MeHseTca?
Torpa cpasy e Bblieser cymma npousseAenuil. PaGora ects

37



npou3BefeHHe cuabl Ha nyTb. OcTopoxHo! 3T0 cnpaBemyIMBO
TOJBKO AJSI MOCTOHHOH CHJIBI HJIH Ke JJI MaJjieHbKOro OTpEe3Ka,
Ha KOTOPOM CHJa He YCNeBaeT CyUIeCTBEHHO u3MeHHTbcs. [ns
NPOTHKEHHOTo NYTH HYXKHO CKJIaAbiBaTh pa3Hble MajeHbKHe pa-
GOTH M moayuaTh OAHY obuiyio paGory. Kak sto penaercs, Mbl
yKe BHAETH.

Kopoue rosops, n06as BeJHUHHA, ABJAIONAACA NPH «YHCTHIX»
yclOBHsIX MPOH3BEJEHHEM JBYX JDYTHX BEJHUHH, B YC/IOBHSX,
«GJH3KHX K HATYpaJbHLIM®, [IOJXKHA BHIUHCIAATHCA Kak Mpenesn
cyMMbl npousBefeHuii. Otciofa fcHa KoJoccanbHasl pPoJb TAKOro
npenena.

B MaTteMaTHKe MBI OTBJIEKAeMCSl OT CYLIIHOCTH BeJHUYHH. MbI
roBopuM: uMeetrcd GyHRUUA f(x) U UMeeTcs OTPE30K OCH X C Ha-
yaJIOM B TOYKE X; U C KOHIIOM B TOUKe X;. Paso6beM OTpe30K Ha
YacTH, BHYTPU KaXK[AOH YacTH BO3bMEM 3HaueHHe (PYHKUHH, YMHO-
JKHM €ero Ha JJIMHY OTpe30YKa, Bce TaKHe NMPOU3BENEHHS CO0XKHM
H nepeiiieM kK npepeny. [ToyueHHYIO BeJIHYHHY HA30BeM <«ompe-
JEJeHHHM HHTerpajoM oT GyHKUHH [(X) MO HJaHHOMY OTPE3KY» H
BBEIEM JJISl 5TOTO BaXKHeHINero MOHATHS OCOObIfl 3HAK HJIH CHM-
BOJI:

X2
(F(x)dx.
Xy

BuITAHYTEII KpIOYOYeK, 0603HaualoWHui HHTErpas,— geGopMupo-
BaHHas rpedeckas OykBa X HJIM JaTHHCKasg OykBa S'— HauaJb-
Hasi 6YKBa CJI0Ba «CyMMa». dx NMHUILETCs KakK OBl A/ HalOMHHAHUSA
0 TOM, YTO HHTeTrpaJ MoJiyyaeTcs Kak Npefes CyMMbl MpoH3Beje-
HUll 3HaueHHil QYHKUHH Ha IAJUHBL OTpe3ouyxkoB Ax. ['peueckoi
JIUTepofi HesibTa NPHHATO 0603HayaTh MaJjyl0 BEJIHUHHY; [I0 HEKO-
TOPHIM NPUYHHAM AX Iepeuo B dx.

A Temepp BCIOMHMM O KOHKDETHOM CIOCOGE€ BHIYHCJIEHHS OI-
peneneHHoro HHTerpaja. OGo3HauuB nNepBooGPasHYI0 QYHKLHH
f(x)n uepe3 F(x), MBI MO2KEM omHCaTh 3TOT cocol B (opMe npe-
JLeIbHO JIAKOHHYHOTO penenra:

j?(x)dx-——- F(xa) — F(x).

9to sHaMenutas ¢opmyna Hriotona — Jleii6uuna, xoropas
NPOU3BOJUT NPH MEePBOM C Heil 3HAKOMCTBE BIeYaT/JeHHE Yero-to
Maruueckoro. VIMeHHo OHa, SIBAIASCh JIOTHYECKHM 3aBeplICHHEM
TeopeMbl Jlarpanxa, npoTaraBaeT HaJeXHYIO CLENKY MEXAy To-
YeyHOH, NpenenbHOH XapakTepUCTHKOH (QYHKIUH (ee mepBoo6pas-
HO#) M XapakTepHCTHUKOH (QyHKUHM Ha LeJIOM OTpe3ke (ompepe-
JeHHBIM HHTErpajioM). BoT 3To u BocIpUHHMaeTcs clepBa Kak
«KOJIIOBCTBO» — OTKYAa, MoJ, neppooOpasHasl Ha KOHIAaX OTpe3-
Ka «3HaeT», CKOJbKO HaGexaso BeJHUYHHBl CYMMbl BHYTPH OTpe3-
ka? Ho npu Gosee riiy6oKkoM pa3MbllIJIEHHH NMPHXOLHIIL K BHIBO-
LY, 4TO OHA HE MOXKET 3TOr0 «He 3HaTb»; Belb €C/IH Gbl QYHKUHA
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BHYTPH OTpe3ka Oblia ApYroi, To BCsl NepBooGpa3Has Toxe Gblia
6b1 JpYro#, a 3HAUUT H ee KOHLeBbIe 3HaUeHUS OblIM Gbl APYrHMH.

Kak 6v1 TaM HH 6bl10, hopMyna HeloTona — Jleii6uuna Moxer
6bITb NPHUHCICHA K HauGosee BHIAAIOLUIMMCS OTKPHITUSM UesoBe-
yeckol MbICiH. Pe3ysnbTaT, 0KOJIO KOTOPOro OILyNbl0 GPOAUJ Be-
JHKHA ApXuMmen ¥ KOTOpbiii GbLI MOJYYEH JIHIB CIYCTS MHOrO
CTOJIeTHH, GYKBaJbHO MepeBepHYJ BCIO BHIYHCIHTENBHYIO TEXHHKY,
B THICAYH Pa3 paCHUIHPHJ KPYT pelllaeMbiX 3ajady, clejal MareMa-
THKY MOIUHEHINHM OpyAHeM Bo3JeHcTBHA Ha npHpoay. Bor 6bl
nomckasath Gopmyny HeiotoHa — JlefiGHuNA I peBHerpeuecKHM
reoMeTpaM — HaCKOJIbKO OBl paHbIle HAyaJCsl BEK TOUHBIX Hayk!
Onnako Takoe noxkesaHue HMeeT COBEpLIGHHO MaHUJOBCKHE Xa-
pakTep — 3/UIMHAM OTKPHITh aHaJu3 ObUIO HeBo3MOxkHO. Passe
Jeno B XHTPOCTH yMa? Apxumes, BepOSITHO, B MaTeMaTHUYECKOM
OTHOLIEHHH 6bla OfapeH 3HauWTenbHO Gosbuie, yeM Heioton. Ho
Bo BpeMsi ApxuMela He ObUIO aHaJHTHYECKOH I'eOMETDHH, He
66110 pa3BUTON ajireGphl, TEOPHH O KOPDHAX MHOFOWIEHOB H T. H.
[lepenpeIrHyTh JIOTHUECKHE TPEIIUHEI M OGOHTHCH 6€3 COOTBeT-
CTBYIOILlETO allnapara He JAHO Jae IEepPBOK/IACCHBIM TeHHAM.
ITosToMy, XOTb CHpaKy3CKHH KOJIOCC HaykH, Kas3asaoch Gbl, A0J-
»eH GbLT BOT-BOT OTKPHITh aHA/IH3 GECKOHEUHO MaJjbiX (eciau Gk,
CKaxeM, ero He younu BouHnl Mapuesnsa), Bce Ke MyTb K 3TOMY
OTKPBITHIO OB JalleKHM — HaJ0 ObLIO HAaBECTH MOCTHI IIpOMe-
JKYTOUHBIX TEOPETHYECKHX NMOCTPOEHHH.

BbICLLIME MPOU3BOOHDIE;
AHATMUTUYECKAS oYHKUWNA

BepHeMcs, oflHaKO, K BONPOCY, KOTOPHI CBsI3aH C HauGoJee
HarJIIAHBIMH [OHSATHAMH MaTeMaTHKH — K HCCAELOBAHHIO KpH-
BBHIX.

Kak MBI 3HaeM, riajgkas KpuBas Bhlpaxaercss (yHKuuef,
HMeIolllell HenpepblBHYIO NepBYIO npoussopnylo. [magkocte —
CBOHCTBO Xopowo noHATHoe. CliefoBaTeNbHO, H HeNpepLIBHOCTD
nepBoil NMPOH3BOAHOH HMeEET SCHBIH TeOMeTPHYECKHH CMBICI.

CnenaeM cienyloOlHii war H [OHHTepecyeMcs, UTO XK€ CO-
JepXKHUT B cebe HempepuIBHOCTb BTOpoH npou3BoaHoi? ITox Bropoi
IpOU3BOJHOH, KOHEYHO, MBI NOJpa3ymMeBaeM IMPOU3BOLHYIO OT
NPOU3BOAHON QYHKIHH.

UToOHl ysACHHTE cebe 3HaueHHe NPOU3BOLHOH OT NMPOH3BOLHOM,
paccMOTPHM JIHHEHHYIO (PYHKLIHIO, TO €CTh NPSIMYIO 3aBHCHMOCTb
Yy oT x. DTa 3aBHCUMOCTb rpadHuecKkH H3o6pakaercss NpSIMoH Jiu-
uneit. [TepBas mpousBogHasi (MPOCTO IPOU3BORHAfA), KaK MBI
3HaeM, eCThb TaHTEHC YrJia HaKJIOHA KacaTeJbHOH K KPHBOH B JaH-
HOH TOYKe K OCH X. B ciayuae suHefiHOH 3aBHCHMOCTH YNOMSHY-
THIH TAHTEHC SIBJSETCS MOCTOSIHHLIM, T. €. NMPOH3BOAHAfA BO BCEX
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TOYKaX ofina M Ta xe. Ho toraa Bropas npon3BojHas Gyjaer pas-
Ha HYJIIO Ha BCEM OTpeE3Ke.

Ecau xe aAuHus He ABJSETCA NPSIMOM, ec/iu OHa «3arubaercsy,
TO BTOpas NMPOH3BOJHAA yxke He OyNeT paBHa HYJIO. Hasaiite no-
CMOTpPHM, NIOYeMy 3TO TakK.

Jlunus, He GyLyuH NpSAMOH, 06493aTeNbHO YXOMHT OT CBOEH Ka-
caTe/lbHOIl BHU3 WJM BBepX. B nepBoM cayuae Mbl roBOpHM, uTO
KpHBasi BEIYKJa, BO BTOPOM — 4YTO OHa BOTHyTa. PasyMmeercs,
BBINYKJOCTb H BOTHYTOCTb MOTYT B3aHMHO CMEHSITb JAPYr Apyra
npu nepexoje OT OJHHUX YUACTKOB OTpe3ka K ApyruM. IlosTomy,
XapaxkTepH3ys NOBeJeHHe JIHHMHM 1O OTHOIIEHHIO K CBOell Kaca-
TeNbHOH, HYXKHO IOBOPHTb OO OKDECTHOCTH KaKOH-TO olpeseseH-
HOJi ToukH. VIHEIMH C/IOBAMH, BHINYKJIOCTE H BOIHYTOCTH — JIO-
KaJlbHbie CBOHCTBA.

Hrak, nycts KpuBas B JaHHOM TOUKe BHINyK/JAa. 3HAyHT, OHA
y6eraer OT KacaTeJbHOH BHHM3. A MOMKHO CKa3aTh eLle H TakK:
KacaTesnbHasi, TpOBeJeHHAsI K KPHBOH B NPaBOH cOCefHel TOuke,
OyIeT HMeTh MeHbIIUH HAKJAOH K OCH X, YeM «OCHOBHas Kacarelb-

¥

b - - e - - -

- A

Puc. 15.

Has», a KacatelbHas B JI2BOH OJu3Jexamied Touke — GOJbLIMA,
T. €. NP JBHXEHHH TOYKH KacaHHs CjleBa HampaBo (B CTOPOHY
BO3pacTalolIHX X) KacaTesibHas BpallaeTcs IO YacoBOH CTpesKe
(puc. 15).

[TpousBonHasg B aToM ciyuyae OyAeT YyMeHbIIaThcd, H6O Ha-
KJIOH KacaTe/bHOH K ocH X yMeHbmaercs. Ho teneps 6ynem pac-
CMaTpPHBaTh NPOHU3BOJAHYI0O (YHKUHMIO KaK CaMOCTOSITENbHYIO
H HalileM ee NMpou3BOAHYI0. TakoBas (YHKIHS OKaxKeTcs OTPH-
1aTeJbHOM, TAK KAK KacateJbHas K NPOU3BOJHOH JIHHHH PaCIOJIO-
JKHUTCS BO BTOPOH H uyeTBepTOH uyeTBepTAX, I'Ae TAHTEHC HMeeT
3HAK MHHYC,

Touko TaruM Ke cnoco6oM MOXKHO GBLIO OBl YCTAHOBHTH, YTO
NpH HaJHYHH BOTHYTOCTH B KaKOii-TO TOYKEe KPHBOH, BTopas mpo-
H3BOJHAs OKaxKeTcs MojoxurenbHoi. CiaefoBaTeNbHO, 3HAK BTO-
poil MpOM3BOAHOH XapakTepusyer HanpabjeHHe u3ru6Ga JUHHH.
DTOT BHIBOJ, H COCTaBJIleT COJepXKaHHEe TAaK Ha3biBAeMOro «Ipa-
BHJA JOXKISA», NPHAYMaHHOro O6e3BECTHHIM, HO OCTPOYMHEIM

40



CTYAEHTOM AJS JIy4iliero 3aloOMHHaHHA HeoOXOAMMOro Ha 3K3a-
yene yTBepxAcHuA: «Ecau nuHHA BOrHyTa, TO JbICHIUACA CBEpXy
BOXAb OyAeT HakamauBaTbcs B nporube, W Habepercs MHOro
BOAB — BTODasi NpPOM3BOJAHAA NOJOXHTeNbHa. Ecau MHHHA BHI-
nyKJia — ROXKAb OyneT cTekaTb, BOAH He 6yAeT — BTOpas Npous-
BOJHas OoTpuuareanHa», Hamo npu3HaTh, YTOo 3TO MHEMOHHYECKOE
NPaBHJIO YPE3BbIYAMHO JIErKO 3anoMHHaeTrcs Gyarozapsi CBOeif
00pasHOCTH H, BEPOATHO, sBJseTcs 0ojee YAauHbIM, YeM CTHLIKH,
COYHHEHHbBle /s 3aMOMHHaHHA JecATHYHBIX 3HAKOB UHUCIA T
(KTO M LIYTS M CKOPO NOXKeJaaerT...).

Hrak, 3Hag BTOPOi NpOM3BOAHOH TOBOPHT O TOM, B Kakyio
CTOPOHY OT KacaTeabHOH y6eraer JIMHHA. A 0 4eM CBHJAETE/b-
CTBYeT B&JHUYMHaA BTOPOH NpOu3BORHOH? EcTecTBeHHO mpeArNoJo-
XKHTb: O CKOPOCTH 3TOro yberanus. Tak oHO U eCTb Ha caMOM Je-
Je. UeM pe3ue yxonuT JIHHHS OT NpPSIMOH, TeM pesue OyneT H3Me-
HATbCS ee MepBas NPOH3BOJHAs, a 3HAUUT, TeM GoJblue OyAer ab-
COJIIOTHAsI BeJIHUHHA BTOPOH IIPOH3BOAHOM.

31ech HaM NpPHAETCS NO3HAKOMHThCS C ellle OJHHM ITIOHATHEM
MaTeMaTHKH — C KPUBH3HOH JuHuH. ITyratbcs 5TOro HOBOTO Tep-
MHHa He CTOMT, H6O ero CMbic/1 oueHb npocT. KpuBu3Ha H3Me-
psieT GHICTPOTY yXoja JIMHHH OT CBOEH KacaTelbHOH, MOKa3biBaeT
CTeNneHb <«HENpPAMOJHUHEHHOCTH» KpuBof. SIcHO, uTO KpHBH3HA
npsiMoil Bceria paBHa HYJIO. DTO KaK pa3 COOTBETCTBYET TOMY
H3BECTHOMY HaM (akTy, 4TO BTOpas IPOHU3BOAHAS JIHHEHHOH
(PYHKLMH €CTb HYJb.

C apyroii cTopoHbl, KPHBH3HA JIMHHHM B JaHHOH TOYKe, K CO-
JXKaJleHHIO, He MepsieTcs MPOCTO BEJIHUYHHOH BTOPOH NMPOH3BOLHOM.
ATo CBA3aHO C TAKUM [OCTOPOHHHM (AKTOPOM, KaK CHCTEMa KO-
opaunat, OnHa H Ta Xe KpHBasi, HapUCOBAHHAs Ha KOOPJAHHATHOH
TJIOCKOCTH C Pa3HbIM HAKJIOHOM K OCH X, 6yJeT HMeTb B KaKOH-TO
TOYKE BIIOJIHE ONpefieieHHOe, NpHCYLee el o NPHPOLe 3HAaueHHe
KPHBH3HBI, B To e BpeMsi BTOpas NpPOH3BOJHASA OKaKeTcd B
ABYX CJyyasiX PasJM4HOH; 3TO CBA3aHO HMEHHO C TeM, 4TO MOHA-
THE TPOU3BOAHON MBI BBOIMJIH Yepe3 KOOpJHHaTHYylO cucTemy. K
TeM He MeHee GJH3KHM K HYJIO 3HAaueHHsIM BTODOH NPOH3BOAHOI
COOTBETCTBYET MOUTH NpsMasi, caabo H3orHytas JHHHA, a 604b-
UMM 3HAYEHUSM — CHJbHO 3aKpyuuBaiowascsa jaunus. [loatomy
MOJKHO YTBEpXKJAaTh, UTo abCo/lOTHAas BeJHYHHA BTOPOHl NpOH3-
BOJIHOH YKa3blBaeT Ha BeJIHUHHY KPUBU3HBL.

OueHb HHTEPECHO PACCMOTPETH HE caMy KPHBH3HY, a obpar-
Hyio ee BenuunHy. Ilocienusia Gyjaer paBHa GeCKOHEUHOCTH Ads
npsMoil 1 GyJeT OyeHb MaJia AJsl CHJIBbHO 3aBHBAIOLLEHCH JIMHMH.
BcnoMuuM Tenepb, UTO pagHyC MaJjo HCKPHBJIEHHOH OKPYXKHOCTH
OueHb BEJHK, a pajHyC KPYTO 3aBopaunBalolieficss OKPYNHOCTH
oueHb Man. Heabss nn kpuBH3HY M106OH JIHHHHM B NAHHOH TOuke
CpaBHHBaTbh C KPHBH3HOH OKPYXXHOCTH H PajMyCOM moc/ejHei
H3MepsThb BeJHYHHY, 0OpPaTHYIO KpHBH3HE?

OkasblBaeTcst, 3T0 CAEJNaTbh MOXKHO H He TOJbKO MOXHO, HO H

4]



BecbMa mnonesHo. [Ipu 3ToM KpHBH3HA Kak Obl MPHBOAUTCA K
CTaHZapTHOH KpuBoi. IlenaeTcss 3TO Tak: HA JIHHHH GepyTcs TPH
TOUYKH — OCHOBHAs M ABe cocefHHe. Yepes BCcAKHE TPH TOUKH
BCerja MOXKHO NpPOBECTH €NHMHCTBEHHYIO OKpyxKHOCTb. IIpoBenem
ee. 3aTeM HauHeM ABHIaTh COCEJHHE TOUKH I10 KPHUBOH, HpUG/IH-
sasg UX K OCHOBHOH TOUKe, ocTalleiicss HemoaBHkKHOH. SICHO, 4TO
OKpY>XHOCTb GYAeT IPH 3TOM «[bllIaTb» — YBEJUYHBATBCA H
yMeHbIIATBCS, CIErKa I[OKAauMBaThes U T. . B npenene xe oHa
3aiiMeT OlNpefieJieHHOe M0JI0XKEHHe U ee pajUyC CTaHET TaKXe of-
pelesieHHbIM, KaK BHJHO H3 PHCYHKa 16. STOT paaUycC Ha3BIBAETCSA
pafgMycoOM KDHBH3HBI JHHHH B JaHHOH TOYKe H SABJSETCH BeIHYH-
Hoit, 06paTHOl KpUBH3HE (T. €. eAHHHLA, AeNeHHAsl Ha paJUyC KpH-
BH3HBI, €CTh KPHBH3HA).

Herpyaso npupath pajuycy KpHUBH3HBI H MeXaHHUYECKOe TOJI-
kopanue, IlpeacraBbre cebe noesf, Mualiuiics mo 3arubarole-

g

VA
Puc, 16

MyCsi peibCOBOMY NyTH. Bac npuxuMaer Kk cTeHe BaroHa HHep-
LHOHHAs LeHTpoOexHas cuja. Tak BOT, TOUHO Takas XKe CHJIa
BO3HHKJA Obl B TOM cJlyuae, ecjid Obl M0e3[ ABHraJcs C TaKOH ke
CKOPOCTBIO IO OKDPYXKHOCTH, C pPaJUyCOM, PaBHLIM paiHycCy KpH-
BH3Hbl NYTH B JaHHOH TOYKe. DTa OKPYKHOCTb Ha3bBaeTcs Kpy-
roM KDHBH3HBI JaHHOH JIMHUH B JaHHOH Touke. HenopasymeHnus,
CBSI3aHHOTO C T€M, YTO OKPYKHOCTb Ha3bIBaeTCs KPYroM (0GBIYHO
B reOMETPHH NPHHATO Ha3bIBaTh KPYroM 4acTh IJIOCKOCTH, Haxo-
JSALLYIOCS BHYTPH OKPYKHOCTH), JIETKO H36€XaTh, eC/ld MOMHHTH
0 TOM, YTO BCe TEPMHHBI YCJOBHbI, YTO Mbl MOIJH Obl Ha3BaTh
NPOU3BOAHYIO, KDUBH3HY H JI060e APYroe MaTeMaTHyecKoe MOHs-
THE JIIOGBIM CJI0BOM, TOJbKO HYKHO GBIIO GBI IPHIEPKHBATHCS
3TOr'0 HaHMEeHOBAHHS BIpPElb.

SIcHO, UTO KPYr KPHBU3HbI IPUJEraeT K KPUBOH «IIJIOTHee», yeM
KacaTesabHas. [0BOpAT, UTO KPyr KPUBH3HEl H KPHBas HMeEIOT
KacaHue BToporo nopsiaka. [lox 3THM NOHHMAIOT BOT 4TO: €C/]H
paccrosinie MeXAy JIHHHeH H ee KacaTelbHOH CTPEMHTCH K HYJIO
npu nNpuGIMKeHHH X K abcuucce KacaHHs, TO PaCCTOSTHHE MeXAY
KPYroM KPHBH3HBI H JIHHHEH CTpeMHTCA K HYJdI0 6nicTpee, T. €.
OTHOILIEHHE BTOPOTO PacCCTOSHHUS K NEPBOMY CTPEMHTCA K HYJIIO.
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Ha okpyxHOCTH KPHBH3HA NOCTOSIHHA, TaK Kak OHa H3Me-
psietcs ob6paTHeIM pajguycoM. Ha npyrux KpHBBIX KPHBH3HA Me-
HSIETCS OT TOYKH K TOUKe, IpPHYeM, KaK [PaBHJIO, OHA HJIM BO3-
pacTaeT HiH yObiBaeT. JIullb B HCKAIOUHTENLHBIX TOYKAX KPHBH3-
Ha JOCTHraeT CBOero HauGoJbLLIero HJIH HaUMeHbLLIero 3HaYeHIs.
Hanpumep, y napaGossl camMoe Gosbluoe 3HaueHHe KPHBH3HBL J0-
CTHraercsi B €e BEPIIMHE, a HAHMEeHbIIEero 3HayeHHs HeT Boobuie —
napa6o/a HeOrpaHHYEHHO paclpsMJsieTcs NPH YAa/JeHHH OT Bep-
IWHHEL, Y 3JIIMICa B ABYX TOUKAaX — B BePIIMHAX OGOJbIIOH OCH —
KpPHBH3HA HauGoJibLIasi, B J[BYX TOYKaX — BepPIIMHAX MaJoi
ocH — HauMeHbmas. Tak Kak KPHBH3HA NMOYTH BCIOAY MeEHsiercsl B
OJHY ONpeJe/JeHHYI0 CTOPOHY, TO BBIXOAHT, YTO KPYI KPHBHU3HBI
TNIOUTH' BCErla epeceKaeT KPUBYIo, T. €. pacroJjaraercs, Kak noka-
3aHO Ha pucyHke 17. JII060NLITHO, YTO Jaxe OueHb 3HAKOUIHE Ma-
TEeMaTHKH, OG'bSICHSS Ha JIEKIHUSIX, UYTO TaKOe KPHBH3HA, PHCYIOT Ha
JOCKe KPYT KPHUBH3HBI C OJHOH CTOPOHBI OT KpHBOH. DTO, BOOOLLE

Puc. 17.

roBOpsi, HENPaBHJIbHO, H6O NPH MOHOTOHHOM H3MEHEHHH KPHBH3-
Hbl KPHBad CHaya/ja OTCTaHeT OT Kpyra KPUBH3HBl (KpHUBH3HA KO-
TOpOro noctosinHa!), a 3aTeM OOrOHHT €ro MO CTEeleHH 3aKpYyueH-
HOCTH, T. €. PAaCHPOCTPAHEHHBIH PHCYHOK WJIOCTPHPYET HUCKJIIOUH-
TeJbHBIH cJydYai, a He THIHYHYIO CUTYaIHIO.

ITockosibKy BTOpast MPOU3BOAHAST CBsi3aHA C KPHUBH3HOH M-
HHH, TO JIEFKO OTBETHTh HA BOIPOC: KAKOE K€ TeoOMEeTPHUeCcKoe
CBOHCTBO npHcylle rpaduKy (GyHKUHH C HeMpepbIBHON BTOPOH Npo-
13BOAHONH? ByneM HasbiBaTh Takyw QyHKUMIO ABaxAbl JHpde-
pPEeHLHUPYeMO¥i, XOTs 3TO, CTPOrO TFOBOPSI, HE COOTBETCTBYET KaHO-
HHUECKHM onpenejeHusaM. Jdsaxae nguddepednupyemas GQyHK-
UHsl, KAK MBI MOXKEeM Telepb AOoragathesl, obaanaeT HelPepbiBHO
MEeHAIIeACc KPUBU3HOH. DTa QYHKUHS «Jyullie», 4eM OJHaMKAbl
au¢pdepeHunpyeMas (GyHKUHS, ee MNoBeleHue OoJee IJIaBHO.
Hr0o6H NOJUEPKHYTh yJydilieHHe KPUBOH NpPU MOABICHHH Hepe-
pHIBHOH BTODOH NPOM3BOJHOM, MBI CPABHHM [Be JIMHHUH, H3 KOTO-
pHIX nepBasi COOTBETCTBYET OfHa)K bl AHpdepenuupyeMoil QyHk-
1M, a BTOpasA — ABax/Jbl AudPepeHunpyeMoi.
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Crauana mnposeieM uyHMCTO 3pHTeNbHOe cpaBHeHHe. JIHWb Ol-
HaxJbl nuddepeHuupyemyio GyuKUHUIO H300parxaerT opajl — H2-
BECTHAs B HayepTaTe/JbHOH reoMeTpHu (QUrypa, np2AcTaBJsioias
co6oii conmpskeHHe OKpY:KHOCTeil pasHoro paauyca. Tak kak co-
npsizKeHHe BHINOJHEHO IMiajKo, G6e3 YIJIOBbIX TOYEK, NepBas Mpo-
H3BOZHAS MEHSIETCS HEMpephLIBHO, T. €. KacaTejlbHas K OBaMdy IO-
BopaunBaeTcsi 6e3 ckaukoB. Ho KpHBH3HA B CONPSAKEHHBIX OKPYXK-
HOCTAX pasHasi, ¥ OHA H3MEHsIeTCs] B TOUKAX COMNpSIKEHHA Pesko
MoMeHTanbHO, MrHOBeHHO. CjieBa OT 3TOH TOUKH KpuUBH3HA (a
cJ1e[0BaTeNbHO, U BTOPasl POM3BOJHAs) HMeeT OfHY BEJNHUHHY, a
crpaBa — COBepIleHHO Apyryilo. Bropas mnpousBogHasi HMeeT
3leChb pa3pbiB. A BOT y 3JUIMICA TAKMX Pa3pblBOB HET, KPHUBHU3-
Ha Ha HeM NepexXOJUT OT HauGOJbIIero 3HaueHHs K HaUMeHbLIEMY
IJIaBHO, MIOCTENEHHO.

ITocMoTprTe Ha HapHCOBaHHbIe Ha OOJIOXKKE OBajl M 3JJIHIC.
Kaxkoe sBHoe pasnuuyue! Hackonbko JuHHA 3Juinnca 6.1aropoi-
Hee, MArde, NMpHATHee AJs Iiasa. B oBane pasapaxaloT TOUKH
CONPSAXKEeHHUsA, OHH 6POCaloTCs B [V1asa, «BblIE3al0T» H3 KPHBOIlL
Xouercsl Kak-TO CrJ1aJHTh HX, BHIIPSAMHUTb YTO-TO, JHUKBHAHDPOBATD
1IePOX0BATOCTb JHHHU. B TO ke BpeMs s//1HIC Ge3yKOPH3HEH, €T0
ouepTaHHSA COBepLIEHHb! H KPaCHBBHI.

B npeBHOCTH npHAaBaay oueHb 60JbIIOE 3HaUyeHHe «COBepIIeH-
HOCTH» JUHUH. Bes cucreMa smuunukiaoB M audepeHTOB, KoTopas
TaK 3arpoMoxjaja acTPOHOMHIO, MOHajxobuach JHIIB AJA9 TOrO,
yTOGbl CBECTH ABMIKEHHS IJIaHeT K KOMOMHauuu kpyros. [Touemy
uMeHHO Kpyros? [la mpocTo cuuTasoch, YTO KPyr — COBepILUeHHas
¢urypa, a HeGecHble Tela He MOTYT ONHCHIBATb HECOBEpLIEHHbIE
rpaekropuu. Korma Kemsep oTkpbl1 cBOH BenHKHe 3aKOHbLI, OH
nepe oMU/ YCTAaHOBHBIUHECS B3IJISAAB K BBeJT B UHCAO <«HeGec-
HBIX» KPHBBIX 3Jiunc. Celfuac Mbl y:Ke NMPUBHIKIM K 3TOH JHHHY,
H OHa HHOI/la KaXeTcd Jaxe «Iyulue» okpy:kHoctH. Ham npen-
CTaBJSIETCS €CTEeCTBEHHBIM, UTO BCe MJIAHeTHl, KOMeThl H HCKYCCT-
BeHHbIE CNYTHUKH ABHKYTCS o aaauncaM. Ho BoT ecan 6w BaM
CKasaJy, uTo HeGecHOe TeJO MyTellecTByeT M0 0Baay, TYT Bbl Obl
BO3MYTHJHUCb. BaM nokasajoce Obl 3TO MaJIOBEPOSITHBIM, HGO
OBaJl — HCKYCCTBEHHasi KpHBas, HEUTO HaAyMaHHOe, HeHaTypaJib-
Hoe. BAyMaBlUHCh B NPHYHHBI CBOErO BO3MYILEHHUS] Tyy0xe, Bbl
NpUILIH Obl K BBIBOAY, UTO BaC CMYILAIOT TOYKH CONPSIKEHHS OBa-
Ja. IHTYUTHBHO BBl YYBCTBOBAJHM, YTO B 3THX TOYKaX NBHXKYIle-
Mycsi HeGecHOMY Teay Gymer «mioxo». A Kak mioxo? IlTonpoGyem
OTBETHTb Ha 3TOT BONPOC H TeM CaMbIM JaTh MeXaHHYECKYIO HH-
TepnpeTaiHio NOBTOPHOI AU pepeHHPYyEMOCTH.

Ecnu Teslo ABHXKETCS C HEKOTOPOH CKOPOCTBIO MO onpejesieH-
HOIl TPAEeKTOPHH, TO Ha €ro yckopesue «paboTaer» H3GLITOUHAS
HaJ paBHOBECHOH cHsa. DTHM Mbl XOTHM CKasaTb, YTO NMPH HaJH-
YHH MHOTHX CHJl DPa3JHYHOrO NPOMCXOMIEHHS, NEHCTBYIOIMX Ha
TEJIO, IPOUCXOAHUT YACTHUHAA KOMIEHCAUUS 3THX CHJI, HO B HEKO-
TOPBIX CJydasix YTO-TO OCTAeTCA HEKOMIIEHCHPOBAHHBIM. 3TO
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«UTO-TO», a BePHee cKa3aTh, adareGpanueckas CyMMa BCeX CHJI,
BbI3bIBAET YCKOPEHHe Tesla, NPOH3BOAHUT pasroH. Jlyuuie Bcero
BOOGDPA3HuTh, YTO TeJNO CKOJNB3HT IO HAEA/bHO CKOJb3KOH FOpKe,
cleNaHHOH M3 abCoJIIOTHO TBEpJOro, Hefe(OPMHPYEeMOro marte-
puana, Torga B uHc/IO ONpefensiOUUX [ABHKEHHE CHJ HYXHO
BKJIOYHTb DEaKLUHIO OMOpHl, T. €. JaBJeHHe Ha TeNOo CO CTOPOHBHI
noBepxHocTH ropkd. OHO, O TPeTbeMY 3aKOHY MEXaHHUKH, PaBHO
NaBJIEHUIO HA NMOBEPXHOCTh CO CTOPOHHI TeJad, T. €. LeHTPOOeKHOM
cune. IlocnegHsis e ecThb yacTHOE OT JAeJIEHHs] KBafpara CKOPO-
CTH Ha paJHyC KPUBM3HHI (elle HYKHO YMHOXHTb Ha Maccy, HO
3TO JJIsi HAC HeCYILeCTBEHHO).

LlentpoGexkHas cuia WJIH peakuusi omopbl 06paTHO Mpomop-
HHOHAJbHA pagdyCy KpPHBHU3HBI, T. €. NPSIMO INPONOPLHOHAIBHA
kpuBusne. ClegoBaTenbHo, eclid Tea0 GYyAeT CKOJIb3HTh N0 TOPKE,
caenaHHOH B (opMe oBaJjia, TO NpPH MepeceyeHHH TOUKH CONMpsiKe-
HHSl JlaB/JeHHe Ha MOBEPXHOCTh H3MeHHUTCS CKaukoM. EciH Hawia
ropga 6yneT peasbHO, a He HJeabHOH, TO B TOUKAX COMpPSI?KEHHUs
wapyuk 6ymeT NOorpoMblXuBaTh, H60 €CTECTBEHHBIH MPOrud mosepx-
HOCTH, BO3HHKAIOLWIMH B pe3ysnbTaTe AAaBJeHHs lIapHKa, B 3THX
TOYKaX MTHOBEHHO H3MEHHTCH.

Uro xe Kacaercss He6eCHOro Teja, TO TaM JeJ0 OOCTOUT elle
sichee. Ha Hero peiicTByer Bcero ojHa CHjia — MPHUTSXKEHHE
Connua (uau 3eMJH, ecaH TeJo HaXOAUTCs BOMM3H 3eMiu).
YacTb 3TOH CHAILI BHI3BIBAET YCKOpEHHE B €ro OGBIYHOM CMbIC.e,
T. €. H3MEeHEeHHEe BeJIMYHHBl CKOPOCTH TeJa, a YaCTb «CbeJaeTcs»
HHEepUHOHHOH neHTpobexHol cunoli. Tak Kak cusa TACOTEHUs NpH
nepexofe OoT OAHOH TOYKH MPOCTPAHCTBA K COCEJHeH MeHserci
IJIaBHO, TO U ee JefCTBHE NOJ/KHO MeHATbca MiaaBHO. CKOPOCTH
TeJa He MOXKET Pe3KO M3MEHHTbCH H3-3a MHEPLHOHHOCTH Maccehl,
3TC Mbl y2Ke 3HAaeM; YCKGPEHHE Ke He CIOCOGHO MPLITHYTh 10 TOH
NpHYHHE, YTO AJIfl 3TOrO MOHaA00HA0Ch Gbl pe3Koe H3MEeHeHHe TOH
COCTaBJSAIOLIEH CHJBI, KOTOpasi HampaB/jeHa IO KacaTelbHOH K
Tpaektopuu. Ilpoekuus Cu/IbBl TATOTEHHS Ha HanpaBJeHHe, Mep-
MEeHAUKYJAsIPHOE K TPAeKTOPHH Tesna, BhI3bIBaeT u3rubGaHHe NYTH,
co3/aeT KPUBH3HY TpaekTopuH. [IpyruMu cioBaMH, NJaHeTa He
mMorJa Obl IBHrathCsl MO OBaJy, Tak KakK JJIsl 3TOr0 HY¥KHO ObLIO
6bl, uTOOBI IPaBUTALMOHHAS CWJa HM3MeHsJIachb CKauKaMU.

He Tonbko noje TAXKeCTH — BCe H3BECTHbIE HaM CHJIOBHIE
NoJisi UMEIOT CBOHCTBO HenpephiBHOCTH. Ho torpa BLIXOAHT, utd
BCe peaJ/ibHbIE Tejla ABHXKYTCA MO TPAEKTOPHAM, ABaxAbl AH(de-
penunpyembiM. CHOBa MBI TIPHXOAMM K BHIBOAY O LEHHOCTH MEHbL-
HIMHCTBA: XOTA CpeiH AH(PepeHuHPYeMbIX GYHKUHI JHIIL MaJjas
4acTb HMeeT HeNnpephBHYIO BTOPYIO NMPOU3BOAHYIO, Hac (akTuue-
CKH HHTEPECYIOT TOJIBKO 3TH «HCKJIOUHTENbHBIE» (DYHKIHH.

Cam co0oii HanmpallMBaeTCs BONPOC: Kakoe xKe YyJayuiienue
npuHeceT TpoiiHas Au(pdepeHuHpyeMocTb, T. €. Ha/JHuHe Henpe-
pbiBHOH TpeTbeil Npou3BOLHOH? TyT yxke HeT TaKOro siCHOro rec-
MeTpHueckoro obpasa, Kak B cayuae BTopcil npoussoiuoit. Oana-
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KO MOXKHO [OUYBCTBOBATh 3HAUEHHE TPETheH NPOH3BOLHOH, €CJH
BCMNOMHHTD, UTO OHA SIBJISIETCS [IPOM3BOJHON OT BTOPOH NPOU3BOJ-
HOH, T. e. H3MepsieT H3MeHeHHe KPHUBH3HBI NIPH Nepexosie OT Tou-
KM K TOuke, He BeJHUHHY KDHBH3HB, a TEMIl H3MEHEHHS KpH-
BH3HBI — BOT YTO XapaKTepH3yeT BeJIHUKHA TPeTbell NPOH3BOAHOH.
YuurbiBasi 370, MOJKHO CPaBHHTb JBe (DYHKLUMH — JIHIUb JBaXKAbI
RuppepeHnHpyeMyIo U TPHK DI nupdepennupyemyio. Bropas o6-
JajaeT TeM CBOHCTBOM, UTO CKOPOCTb M3MEHEHHS KDPHBH3HBI He
MeHsieTCsl MTHOBEHHO Ha 060JIbilyI0 BeNHUYHHY, YTO B JBYX OJH3-
KHX -TOUKaX NMPHMEpPHO OJHHAKOBbIH TeMNn HapacTaHHS WIH YObI-
BaHHs KpHBH3HBL. Ec/iH e TpeTbst NMpOH3BOAHAsT HUMeeT Pa3phIB,
TO 3TOT TEMI HCHBITHIBAET CKAuoOK. 3aMeTHT JH 3To raas? bByner
JIH PaspLlB TpeTbell MPOM3BOAHOH NPOH3BOAUTHL HENPHSTHOE Be-
yaT/JeHHe Ha Halll 3pUTeNbHEI opran? 1o Bonpoc cnopHei. OguH
H3BeCTHBII MOCKOBCKHH MaTeMaTHK YTBepXKHaJ, 4TO TOYKH pas-
pbiBa TpeTbell MPOH3BOJHOH Ha rpaduke BHAHBL. Mbl nbITaNHCh
NPOBEPUTh 3TO U TLLATEJBHO HAuYepTW/IH COOTBETCTBYIOLLYIO
kpuBylo. Touka, B KOTOpPO# TpeTbsi MPOU3BOJAHAs1 CKaueT (Bropas
NPOHU3BOAHAS Y JAaHHOH (DYHKUHH HENpepblBHA, TO €cTh KPHBH3HA
JUHHH MeHsieTcs NMJIaBHO), Obl1a HaM HM3BeCTHA, HO He YKasbiBa-
Jlach HCOBITYEMOMY —— OH caM JOJKeH Obl1  ONpefequTb 3Ty
TOouKy. HacTh J10Jell OTBHICKHBAJa 5Ty TOUYKY IO BHeELIHEMY BIie-
yaTJEHHIO MJIH, BO BCAKOM Cjyuae, YKa3blBaja Ha GJH3KYIO K Heil
Touyry. Hekotoprle momoapeBasu cosceM Apyrylo Touky. M Bce,
1oc/e TOro Kak UM [OKasblBajlach HCTHHHAS TOYKA pasphiBa, CO-
rJallajuch, YTO OHA YeM-TO «IIJIOXa%.

eoMaTpuueckasi HHTepNpETALHs UYETBEPTOH NPOU3BOMHOH U
JanbHeHIINX NMPOH3BOAHBIX CTAHOBHUTCA coBceM TpyaHoi. Ho mas
aHa/Ki3a OYeHb BaXHO, YyTOObl (DYHKIHA HMeJa KaK MOXHO 60Jb-
me npousBoAHbIX. EciM NPOH3BOXHBIX HMeeTCsl HeorpaHUueHHOe
uynca10, GYHKUMS HasblBaeTcss aHaauTHuecKoi. Toabpko Takue
(YHKUHH N0 CYL[eCTBY paccMaTpuBaloTcs B aHajiuse. Tosbko
Takue (PyHKUHH, B HEKOTODOM CMBIC/IE, CYLIECTBYIOT B NPHPOJE.
Y 31X (QYHKUM NJ1aBHO MEHSeTCH He TOJbKO HAKJIOH KacaTelb-
HO¥, KPUBH3HA M TEeMIl H3MEeHeHUs KPHBH3HBI, HO U CKOPOCTb H3-
MEHeHUs CKODOCTH H3MEHeHHs1 KPUBH3HBI M T. A. Tak Maremaru-
YECKHIl aHaJ/nu3 BHISICHHJ BONPOC, KaKyl0 e KPHUBYIO MOXKHO CUH-
TaTh <IOJHOLEHHOH», COOTBETCTBYIOILEH (DYHAAaMEHTANbHBIM 3a-
KOHAM TNpPHPOXBIL.

Ananu3 GecKOHEYHO-MaJsbiX €CTh aHa/H3 aHaJHTHYECKHX KpH-
BoIX. [To MoBoxy 3THX KPHBBHIX MOMKHO HamUcaTb MHOIO KHHr, 3a-
XBaThlBalollle HHTepecHbIX. YeM, HanmpuMep, He MOpas3HuTeJeH Ta-
KOH (baKT: eCclH HaM HM3BeCTHA aHaJHTHYeCKas KPHBASA HaA CKOJb
YyrOJHO MaJiOM OTpe3Ke, TO Mbl MOXeM TOYHO CKasaTh O MOBeAe-
HHH 3TOI KPUBOH B J1I060M palioHe BHe OTpe3Ka.

Ho sa HemMeHneM MeCTa HaM NpPHXOAHTCH OKOHUYMThL pacckas
0 HECKOJIbKHUX uepTax M CNOCOOHOCTAX MaTeMaTHYeCKoro aHaJjiu3a
U nepelTH K 3aK.1101CHHIO.

46



3AKIMIOYEHUE

Ho cux nop Mul Kak 6Ll 3aHHMAaJIHCh PEKJAaMOH aHanausa, Mo-
Ka3blBaJi TO HYXKHOE W LEHHOE, YTO MOXKET CIeNaTh 3Ta OTPacsb
Hayku. Mbl HUT/Jle B 5TOM CMblc/e He meperuGanu U He nepebap-
LIMBaJH, MBI Jla)Ke CKasajd JIMLIb O Majof YacTH TOrO MOTrYyLUILe:
CTBa, KOTOPBEIM pacroJjiaraet MeToJ, aHanu3a GeCKOHeYHO MaJbiX.
YuraTeab, Kak Mbl HajgeeMcs, YOeAHICS B TOM, YTO H306peTeHHC
Helorona u Jlefi6uuna He 6b10 GECIVIOAHBIM;, YTO aHa/lH3 CrO-
cobeH peniaTh TakHe 3afaul, KOTOpble GBUIM HE NOA CHJY 3BKJHU-
JA0BOH# TeOMETPHH HJIH JPYrHM paHHHM BeTBSM MaTeMaTHKH.

Tem He MeHee MaTeMaTHUeCKHil aHa/H3 HMeET HEZOCTATKH.
M HuKTO M3 cepbe3HBIX yyeHbIX ceffuac He cCOMHeBaercs B HeoO-
XOJMMOCTH NOSIBJICHHS] HOBOT'O MeTOJa, B HeOGXOAHMOCTH MOsABJeE-
HUs1 HoBoro HbloTOHA.

CanabocTh aHalu3a OTYACTH OODBICHAETCS €ro KOJIOCCaJIbHOM
cuyoii. OH HACTONIBKO PAa3BUT M PacIpPOCTPaHeH, 4TO 3arayliaer
BCe BO3MOXHbIe Apyrue NyTd uccienoBanus. PU3HNK, HHKeHep,
PafHOTEXHUK, MPOrPaMMHCT, CTPOHTENb, ruaporpad u GecuHc-
JIEHHO€ MHOXKECTBO JPYTHX CIeNHa/HUCTOB 00yd4eHbl B HHCTHTYTax
aHa/{3y, NPHBLIKJIK €ro NPHMEHSTh H MOYyBCTBOBAJNU €0 OrpoM-
Hble BO3MOXKHOCTH. EcTecTBEHHO, UTO KOria BCTAaeT Ta HJH HHAas
HayuHas WIH TeXHHueckas npobseMa, BCAKUH JyMaeT He Hal TeM,
KaK Gbl 060oHTHCh 6e3 aHanu3a, a Hal TeM, Kak Haubonee 3 pek-
THBHO NPUMEHHTh aHa/u3. MbllljieHHe JecsITKOB ThICSY Jiojed,
CTaJIKUBAIOLUHXCH C TOYHBIMH HayKaMH, HACTPOEHO IO OnpefeseH-
HOMY WaGJIoHY, OT KOTOPOro Ype3BbliYaiiHO TPyHAHO oTofitu. [eii-
CTBYeT THTAaHTCKasi HHEPLHUs aHaJNH3a, B KOTOPHIH THICAYH JIOJEH
BKJaJAbIBaJId CBOI reHUHl Ha NMPOTSI)KEHUH CTOJNETHH.

W Bce Xe HacTalm MOMEHT, KOTZa aHa/U3 IOKa3biBaeT CBOIO
HENpHrOAHOCTb AJii HEKOTOPBIX HCKJIIOUHTENbHO BaKHBIX 006Ja-
creil ecrecTBo3HaHusl, B mnepByio ouepeib 3/iech HYXKHO Ha3BaThb
AfepHy0 (HU3UKY H (DHU3HKY dJeMeHTapHBEIX yactun. Kak TouHO
JIOKa3aHO, MHKDOMHDP He ABJseTCS HelNpephIBHBbIM, SHEPTrUsA H NO-
JIOKEHKE 3JIEKTPOHOB B aTOMax MeHAIOTcs ckaukaMd u 1. 4. He
MOJKeT CYLlecTBOBATb 3apfAna, He KPATHOrO 3apsily 3JeKTPOHa.
DHeprus OT Telda K Tely IepefaeTcsi NOPUUAMH — KBaHTaMH.
UTo6bl onucaTh MaTeMAaTHYECKH TaKHe MpPOLECCH, HyXKeH He aHa-
aus. HyXeH Apyro#i annapar, KOTopblil He onupaJncsa Obl Ha Takue
NOHATHA, KaK Npeles, cTpeMJeHHe, GeCKOHeYHO MaJsas M Noxo06-
mple. Hamo aymarts, uTo Takof annapaT KTO-HHOYAb NpHAyMaer.
Ho nocne 3Toro ananus He BHIGpoCAT Ha CBaJKy, HOO €ro cdepa
npHUMeHeHUs ocTaHeTcs BaxHod., Ou Boiier B OoJjee 6Goratyio,
yeM cedyac, ceMbl0o MaTeMaTHYeCKHX AMCUMIVIHH KaK pPaBHONpas-
Hbli YusIeH.
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